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20:30 Welcome reception



WEDNESDAY 27th

Location: Aulario “La Bomba”

9:00–10:00 Keynote Speaker - Francisco Herrera
Title: AI Safety through Fuzzy-Rough Boundary Modeling: Monitoring and Anomaly Detec-
tion in Open-World Systems.
Chairperson: Chris Cornelis

10:00–10:30 Coffee break
10:30–12:00 Plenary Panel - Commemorating the 100th anniversary of the birth of Zdzisław

Pawlak
Panelists: Mohua Banerjee, Salvatore Greco, Ernestina Menasalvas, Hung Son Nguyen, Jing-
Tao Yao, Yiyu Yao, Hong Yu, Beata Zielosko
Chairperson: Dominik Ślȩzak

12:00–13:20 Regular Session S1
Chairperson: Ernestina Menasalvas
Concept-Dependent Granulation with Bootstrapand Smote Methods
Cybulski, R.
A Multi-Granularity Collaborative Genetic Algorithm for Truck-Drone Routing Problem
Hu, L., Wang, G., Liu, Q.
Granula: A Flexible Human-AI Collaborative Platform for Automated and Manual Decision
Modeling
Artiemjew, P.
Three-Dimensional Path Planning Using Mereological Potential Field
Szpakowska, A.

12:00–13:20 Special Session - Rough Sets and Hybrid Theories: Models, Logic, and Applica-
tions
Chairperson: David Lobo
Normalized efficiency of decision algorithms in Fuzzy Rough Set Theory
Chacón-Gómez, F., Cornejo, M., Medina, J.
Mapper-based fuzzy rough sets
De Maeyer, W., Cornelis, C., Restrepo, M.
Diversity Clustering: A Soft Clustering Model Inspired by Ecological Diversity
Campagner, A., Ricotta, C., Ciucci, D.
Hybrid Neighborhood Rough Set via Consistency Sample Selection for Multi-granularity Inter-
pretable Modeling
Yuan, K., Miao, D., Zhang, H., Wang, R.

13:20–15:30 Lunch



15:30–16:30 Keynote Speaker - Xiaoling Wang
Title: Towards General Embodied AI: Spatio-Temporal Visual Reasoning from Egocentric
Perspective
Chairperson: Hong Yu

16:30–18:00 Tutorial S3
GrC Techniques on Simple Undirected Graphs
Federico Infusino

16:30–18:30 Special Session - Three-Way Decision, Granular Computing, and Cognitive Intel-
ligence
Chairperson: Aleksandra Szpakowska
Three-way decisions: an outsider perspective
De Maeyer, W., Cornelis, C., Restrepo, M.
Semantics of the Boundary Region in Three-way Classification
Li, Q., Hou, J., Chen, Y., Yao, Y.
An Ensemble Method for Constructing Three-Way Decision Rules with Granular Rough Sets
Shi, C., Hu, M., Yao, Y.
Conceptual Models for Imbalanced Classification Based on Three-Way Bayesian Confirmation
Bayeh, F., Hu, M., Lingras, P.
Three-way conflict analysis: Feasible strategies based on fuzzy rough sets and regret theory.
Liu, X., Lang, G., Xu, F.
Three-way conflict analysis within multi-scale situation tables.
Qin, R., Lang, G.

18:30–20:30 Cádiz tour

THURSDAY 28th

Location: Aulario “La Bomba”

9:00–16:20 Jerez Tour (including lunch)

16:20–17:20 Keynote Speaker - Salvatore Greco
Title: Knowing What We Don’t Know: Rough Set Approximation in Seven-valued Logic
Chairperson: Davide Ciucci

17:20–18:20 IRSS Talk- JingTao Yao
Title: The Rough Set Paradigm for Modern Decision Intelligence
Chairperson: Yiyu Yao

18:20–19:00 IRSS Meeting
20:30 Gala Dinner



FRIDAY 29th

Location: Aulario “La Bomba”

10:00–11:00 Regular Session S2
Chairperson: Roberto G. Aragón
Game-Theoretic Shadowed Sets Based on Justifiable Granularity
Li, C., Yao, J.
A Comparative Study of Geometric Inductive Bias in Medical Ontologies
Jordan de Urries Ruiz, B., Hernandez Pérez, I., Menasalvas Ruiz, E.
Pattern Difference in Determining Similarity of Binary Vectors: A Rough Set Based Analysis
Dutta, S., Shin, J.

10:00–11:00 Regular Session S3
Chairperson: Beata Zielosko
Application of a supervised fuzzy object selection algorithm for outlier identification
Paja, W., Kępski, M., Sarzyński, J.
Rough-Fuzzy Attribute Ranking via Fuzzy Eigenvector Computation
Vo, B., Nguyen, H.
Non-averaging generalization of Choquet-like Copula-based integral with application to fuzzy-
rough rule-based classification systems
Hinojosa-Cardenas, E., Bollaert, H., Cornelis, C.

11:00–11:30 Coffee break

11:30–13:10 Regular Session S4
Chairperson: Fernando Chacón Gómez
Strong and Weak Approximation Operators in Multi-Source Neighbourhood Systems
Ranjan, Talukdar, A., Khan, M.
Unified Arithmetic Operations for Linearly Correlated Fuzzy Numbers
Alijani, Z., Janeček, J., Števuliáková, P.
New Equivalence Relations in Rough Set Theory
Restrepo, M., De Maeyer, W., Cornelis, C.
Data Summaries as a Support for LLM-based Analytical Code Generation
Slezak, D., Wnuk, M.
A Formal Framework for Ontology-Driven Data Pre-processing Based on Information Systems
over Ontological Graphs
Pancerz, K., Zieliński, K.

11:30–13:10 Regular Session S5.
Chairperson: Mohua Banerjee
Scalable OWA-based FRNN for Multi-Class Imbalanced Classification
Chen, J., Luo, C., Chen, H., Li, T.
A probabilistic intersection measure for interval sets and its three-way decision model for image
retrieval
Chen, Y., Liu, H.
Multi-granularity Anomaly Detection via Attribute Subset Sequences Based on Fuzzy Entropy
Qing, C., Li, Y., Yuan, T., Zhao, J., Li, X., Wan, J.
A Pessimistic Multi-Granulation Rough Bipolar Pythagorean Framework for Medical Decision-
Making
Mubarak, A., Li, M., Li, X., Zhao, J., Li, X., Wan, J.
Granular-Ball Embedding Clustering with Local Structure Preservation
Wang, Y., Shen, L., Xia, S.

13:10–15:00 Lunch
15:00–15:30 Closing session
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TUESDAY 26th
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WEDNESDAY 27th

18:30–20:30 Cádiz tour

THURSDAY 28th

9:00–14:00 Jerez tour
20:30 Gala dinner

FRIDAY 29th

13:40–15:30 Closing Session
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Keynote speech:

Incomplete information, three-valued logics and
formal concept analysis

Didier Dubois

IRIT CNRS & Université de Toulouse,
118 Route de Narbonne, 31062 Toulouse cedex 09, France

didier.dubois@irit.fr

In many situations we face, information is incomplete. In practice, it
means that we cannot answer all questions due to our lack of knowledge, which
is thus one source of uncertainty. The simplest representation of incomplete
knowledge is a set of mutually exclusive values, one of which is the true one,
also called a disjunctive set. In such a setting, possibility and necessity measures
qualify the plausibility and the certainty of events; see [8] for a recent survey.

It contrasts with uncertainty due to randomness, which is a feature of ob-
served phenomena, while the lack of knowledge is subjective, i.e., is agent-
dependent. Of course, we may combine both sources of uncertainty and have
limited information about a random phenomenon (e.g. see [5], for instance).

The lack of knowledge is generally present in propositional logic, if a set of
formulas is viewed as pieces of information possessed by an agent. Uncertainty
occurs when neither a proposition nor the converse proposition can be proved
from this set of formulas. To handle incomplete knowledge in Boolean logic one
has to move from the dichotomy true/false to what Yao calls three-way decision,
i.e, known to be true, known to be false and unknown. Unfortunately, it is not
possible to express this three-way reasoning in propositional logic, because we
cannot write in the syntax that a proposition is unknown.

This talk first recalls the logic called MEL (minimal epistemic logic) which
is the simplest formalism for reasoning about incomplete knowledge, where it is
possible to express that some propositions are unknown to an agent [1]. It is at
the same time a fragment of the modal logic KD (without modality nesting),
and an all-or-nothing possibilistic logic, i.e., its semantics are in terms of disjunc-
tive sets of interpretations viewed as possibility distributions, and representing
epistemic states.

The truth of �p expresses that N(p) = 1, that is, the certainty of p for
the agent (following a principle first proposed a long time ago by Godo and
colleagues to cast uncertainty calculi in a fuzzy logic setting; see [7] for another
recent example). The language of MEL has for atoms modal formulas �p where
p is any proposition of a standard propositional logic. It is then a two-tiered
propositional logic. MEL enables an agent to reason about the knowledge of
another agent. It is the logic of Boolean possibility theory.



Then we recall past works showing that three-valued logics, where the third
intermediary truth-value means "unknown", can be expressed in MEL, but the
modalities only apply to literals. In particular, Kleene logic corresponds to an
even more restricted sublanguage of MEL, where only conjunctions and disjunc-
tion of boxed literals are admitted. This embedding of three-valued logics of par-
tial ignorance into MEL enables to better interpret the meaning of three-valued
connectives, especially three-valued implications. For instance: Kleene implica-
tion corresponds to �¬p∨�q, Nelson implication to �p→ �q, Łukasiewicz one
to (�p→ �q) ∧ (�¬q → �¬p).

Finally, we discuss the information contained in a formal context (of Formal
Concept Analysis) and the attribute implications one extracts from it, in the
light of MEL and three-valued logics. See [6] for a unified view of FCA. A formal
context is a Boolean matrix containing crosses and blank cells, where a cross
indicates that one object is known to possess an attribute. There is an ambiguity
in the literature concerning the meaning of blank cells. It ranges from "the object
does not possess the attribute" to "it is not known whether the object possesses
the attribute or not". Knowledge is extracted from contexts under the form of
attribute implications A ⇒ B expressing the fact that "if an object possesses
all attributes in A it also possesses all attributes in B". Attribute implications
can be encoded using conjunction and implication connectives obeying so-called
Armstrong axioms. It is a fragment of propositional logic that enables attribute
implications valid in the context to be inferred from other ones (see [6] for an
overview).

The fact that attribute implications involve only positive attributes suggest
that blank cells in contexts are weaker than explicit negation of attributes, and
rather express ignorance; so, contexts express partial knowledge. A full- fledged
imprecise context will then contain three possible kinds of cells corre- spond-
ing to positive information, negative information, and ignorance; see [3] for a
possibility-theoretic view of incomplete contexts. It also suggests using three-
valued logics could encode (generalized) attribute implications, as sug- gested
already in the literature. More generally, we may use the MEL language. A pos-
sible translation of a standard attribute implication into MEL is of the form
(∧a∈A�a) → (∧b∈B�b) which uses Nelson implication, not Kleene one. It is
clear that Armstrong axioms are valid in this translation, and moreover this
translation respects the fact that an attribute implication is not considered con-
trapositive. We conjecture that the logic of hybrid attribute implications (in-
volving both positive and negative literals) extracted from a general imprecise
concepts can be expressed in MEL, and that Nelson logic is a good candidate
for a three-valued logic that can account for it.
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Tutorial S1

Rule-Driven Pattern Discovery Across Data
Representations

Beata Zielosko

University of Silesia, Poland

Rule-based systems can contain not only rules in their classic form, i.e., deci-
sion rules, but also inhibitory rules, i.e., rules that take the form “attribute <>
decision” in the consequent part. They often suggest insights not captured by
traditional decision rules. In general, rules are an important tool for both per-
spectives: knowledge representation and classification. In centralized systems,
patterns in the form of rules can be derived directly from the dataset, facili-
tating efficient knowledge acquisition and interpretation. In distributed systems,
rules can come from distributed data sources, represented, for example, as data
models. This tutorial will discuss approaches to rule induction from both cen-
tralized and distributed data. In the former, greedy algorithms will be discussed,
while in the latter, an approach involving the induction of inhibitory rules from
a set of decision trees will be considered. The proposed method can be applied
to scenarios involving multiple local and distributed data sources represented as
decision trees, where the goal is to extract knowledge that is relevant to all these
sources and can be used both locally and globally. The main goal is to identify
patterns that reflect knowledge common to most data sources while also being
applicable at the individual source level.
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Models
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1 Abstract

Rough set theory (RST), initiated by Pawlak, provides a foundational frame-
work for modelling vagueness and uncertainty through approximation operators
induced by indiscernibility relations. From its inception, the modal character
of rough set approximations has been evident, with Pawlak’s classical model
aligning naturally with the modal system S5. As rough set theory has evolved
through a range of generalisations - such as approximation spaces based on
non-equivalence relations, multi-granulation models, information systems, and
multiple-source approximation systems - the limitations of standard modal se-
mantics have become increasingly apparent, motivating the development of richer
and more flexible logical frameworks. This tutorial presents a systematic intro-
duction to modal logics whose semantics are grounded in rough set theory, en-
compassing both classical foundations and recent developments. We begin by
revisiting the modal interpretation of lower and upper approximation operators
in Pawlak’s rough set model, and then move beyond the S5 setting to accommo-
date generalized approximation spaces.

Rough set frameworks involving multiple relations appear at the very outset
of the subject, as evidenced by early contributions of Pawlak, Orłowska, Fari-
nas del Cerro, Rauszer, and others. Subsequent proposals on multi-granulation
rough set models and the associated notions of strong (pessimistic) and weak
(optimistic) approximation operators have opened new directions in this line
of research. We demonstrate how these operators can be captured within the
basic modal language through distinct semantic clauses, leading to sound and
complete axiomatizations over broad classes of models, without requiring any
extension of the underlying language.

Another part of the tutorial covers the role of relative accessibility relations,
which arise naturally when approximations are considered relative to attribute



sets or information sources. We discuss modal languages with parameterised
modalities, information structures, and multiple-source information structures,
and explain how algebraic operations on parameter sets interact with semantic
constraints on accessibility relations.

The tutorial also addresses temporal information systems, in which informa-
tion systems evolve over time and approximation operators become time- depen-
dent. Reasoning about such dynamic settings requires modal frameworks capable
of capturing changing granularity, evolving attribute-values, and persistence of
information across time. We outline how temporal and multi-modal extensions
of rough set semantics can be handled within a unified logical perspective.

The tutorial is designed to be accessible to researchers in rough set theory
while also offering new insights to logicians interested in modal semantics beyond
standard Kripke frames.

2 Main Objectives

The tutorial has the following objectives.

2.1 Conceptual grounding and Generalised approximation
semantics

To clarify the intrinsic connection between rough set approximation operators
and modal logic, beginning with Pawlak’s approximation spaces and their cor-
respondence with the modal system S5. To present modal semantics correspond-
ing to generalised approximation spaces, including those based on relations that
are not equivalence relations.

2.2 Multi-granulation and multiple-source reasoning

To present the modal-logical treatment of multi-granulation rough set models,
with a focus on strong and weak approximation operators and their semantic
and axiomatic characterisations

2.3 Relative and parameterised modalities

To explain modal logics with relative accessibility relations arising from attribute-
based and source-based approximations, including information structures and
multiple-source information structures.

2.4 Temporal information systems

To present time-indexed information systems, the evolution of attributes and
approximations, and modal reasoning about changing information and granular-
ity.



3 Relevance to the Rough Sets Community

The proposed tutorial is directly aligned with core themes of rough set theory
and its ongoing development. While rough sets have traditionally relied on alge-
braic and set-theoretic tools, modal logic provides a complementary and unifying
perspective that allows approximation mechanisms to be analysed within a pre-
cise semantic and proof-theoretic framework. In particular, modal logic offers
formal languages for reasoning about approximation operators, granulation, and
boundary regions; clarifies the structural properties that distinguish different
rough set models via axioms and completeness results.

By focusing on both foundational ideas and recent advances, the tutorial
aims to equip participants with conceptual and technical tools that can inform
future research in rough set theory, knowledge representation, and uncertainty
reasoning.
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Diagnosing Semantic Misalignment in Large
Language Models through Fibered Fuzzy Concept

Analysis

Víctor Ramos-González1, Joaquín Borrego-Díaz1, and Fco. Félix Lara-Martín1

Departamento de Ciencias de la Computación e Inteligencia Artificial, Universidad de
Sevilla, Sevilla, Spain
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Abstract. LLMs can be fluent while remaining ontologically misaligned.
We present a compact framework that exposes this problem through
guided introspection and Fuzzy Formal Concept Analysis. The model’s
self-reported object–attribute judgments are represented as a fuzzy con-
text and lifted to a fibered extension in which both objects and attributes
carry attenuation factors. This separates semantic strength from intro-
spective reliability without fixing thresholds in advance. A case study
with GPT-4-turbo and Sowa’s top-level KR ontology reveals categorical
hybridization, weakened exclusivity among ontological oppositions, and
fuzzy semantic attractors. The method is diagnostic: it identifies where
ontology-guided prompting or refinement is needed.

Keywords: Large Language Models · Fuzzy Formal Concept Analysis
· Ontologies · Semantic Alignment

1 Introduction

Large Language Models (LLMs) can sound coherent while still organizing mean-
ing in ways that are poorly aligned with human conceptual taxonomies. This
matters in ontology-sensitive settings, where plausible text may conceal cate-
gory collapse, overgeneralization, or hybridization. Existing alignment techniques
usually optimize behavior from the outside, but they offer limited access to the
model’s emergent conceptual organization. We address this gap by probing the
model introspectively and representing the resulting data in a fuzzy concept-
analytic framework.

The model is asked to estimate how strongly a set of objects instantiates
ontological attributes, and how confident it is in those judgments. The first step
yields a fuzzy object–attribute relation; the second yields attenuation values for
objects and attributes. These are combined in a fibered extension that preserves
graded distinctions without fixing a threshold in advance [1,3]. We then com-
pare the elicited structure with Sowa’s KR ontology [2]. Our claim is not that
introspection reveals a hidden symbolic ontology, but that it produces structured
signals that can be analyzed for systematic distortion.



2 Objects, Concepts and Elicitation

In standard FCA, objects and attributes are given by the analyst. Here, by
contrast, LLM references are not grounded in a stable ontology but recon-
structed from linguistic regularities and dialogue context. The elicited matrix
should therefore not be read as a transparent report of internal knowledge, but
as an epistemic projection: a context-dependent approximation of how the model
currently organizes a domain.

Object choice is consequently part of the method. We use a heterogeneous
set—photograph, pencil, chess game, anger, acidity, interface, sound, decay, art,
and everything—because mixed and borderline objects pressure the model to re-
veal whether it preserves stable ontological contrasts. The prompt protocol must
also distinguish semantic fit from epistemic confidence: the model is first asked
for graded object–attribute judgments and is then asked how secure it is about
the object and the attribute themselves. This second layer is essential because a
high semantic score with low reported confidence has a different interpretation
from a high score supported by strong self-assessed understanding [4].

Formally, the introspective stage produces a fuzzy relation I : G×M → [0, 1]
together with attenuation maps

β : G→ [0, 1], α : M → [0, 1].

Here I(g,m) expresses semantic fit, while β(g) and α(m) encode reported confi-
dence. The goal is not to eliminate prompt sensitivity, but to make it structurally
analyzable and comparable across ontological contrasts.

3 Fibered Extension

Let K = (G,M, I) be a fuzzy formal context, where each attribute m ∈ M is
represented by the membership function µm(g) = I(g,m). We define the fibered
extension of K as

Kf = (Gf ,Mf , If ), Gf = G× [0, 1], Mf = M × [0, 1],

with membership rule

µ(m,α)(g, β) = min{β, αµm(g)}. (1)

The construction separates two sources of uncertainty: the base semantic strength
µm(g) and the introspective reliability attached to objects and attributes. This
is the main difference with threshold-based Fuzzy Formal Concept Analysis
(FFCA), where uncertainty is usually handled by fixing a cut level before con-
cept extraction. Here the same base relation can be inspected under different
confidence regimes without rebuilding the conceptual structure from scratch.

A minimal coherence condition is required if the elicited context is to be
interpreted as an attenuated embedding. Denoting by λg,m the reported value
for the pair ((g, β), (m,α)), we require

λg,m ≤ β. (2)



Fig. 1. From LLM introspection to ontology-based diagnosis of semantic misalignment
via fibered fuzzy formal concept analysis.

Operationally, a reported relation cannot exceed the model’s own declared
confidence in the object. When this fails, the prompting protocol includes a re-
consideration step. The resulting fibered concepts preserve both graded semantic
support and graded confidence, allowing us to distinguish weak meaning from
weak introspection. In this sense, the fibered view is not merely a fuzzy reformu-
lation: it is a compact representation of the difference between what the model
says and how strongly it claims to understand what it says.

4 Case Study: Diagnosing Misalignment

We tested the framework with GPT-4-turbo against Sowa’s top-level KR ontol-
ogy [2]. The goal was diagnostic: to see whether introspective elicitation preserves
oppositions such as physical versus abstract and refinements such as independent
versus mediating. After probing the full attribute set, we focused the analysis
on five especially diagnostic attributes: Abstract, Independent, Mediating, Phys-
ical, and Relative. These five already suffice to test whether the model respects
exclusivity, dependency, and high-level ontological stratification.

Three effects were clear.

Categorical hybridization. The model frequently supported combinations that
the ontology is meant to keep apart. Some concepts combined attenuated support
for Independent and Mediating, or for Physical and Abstract. This indicates that
parts of the domain are organized around mixed prototypes rather than around
exclusive ontological roles.

Fuzzy semantic attractors. Some fibered concepts acted as regions of conver-
gence in which many objects accumulated with only small attenuation differences
while several top-level attributes remained jointly active. These attractors reveal
a structural type of misalignment: different ontological roles are not merely con-
fused in isolated judgments, but collapse into broader hybrid conceptual regions.



Homogenization after repair. When the model was asked to reconsider values
that exceeded its own confidence bounds, the revised context became flatter.
Formal consistency improved, but discriminative power decreased. This suggests
that part of the original apparent richness resulted from claims that were stronger
than the model’s own introspective reliability warranted. The repair step is there-
fore useful but also revealing: once coherence is enforced, the model often retreats
toward safer and less informative conceptual regions.

The main value of the fibered view is explanatory. A thresholded reading
can show that a category survives or not at a given cut, but not whether the
loss comes from weak semantic support, weak confidence, or both. In our case
study, the dominant pattern was not isolated classification error but the cre-
ation of graded hybrid regions where incompatible ontological roles coexisted.
This kind of diagnosis can be used to design targeted follow-up prompts that
restate ontological constraints and test whether the hybrid region can be split
by dialogue.

5 Conclusion

We have presented a compact framework for diagnosing semantic misalignment
in LLMs through introspective fuzzy concept analysis. The central contribution
is the fibered extension of a fuzzy formal context, in which objects and attributes
carry attenuation factors that separate semantic strength from introspective re-
liability. This provides a threshold-free way to inspect conceptual structure and
to identify where an ontology-sensitive dialogue is breaking down.

The case study suggests that LLM introspection does not simply yield noisy
classifications. It often produces hybrid conceptual regions and weakened onto-
logical exclusivity. For a short conference contribution, this is the main message:
fibered FFCA offers a lightweight but informative lens for detecting when flu-
ent language hides unstable conceptual organization. Future work should test
broader ontologies, compare models, and develop tighter similarity measures be-
tween fibered concept structures and symbolic taxonomies.
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Triadic context simplification is a core step for optimizing data structures
in triadic concept analysis and boosting knowledge discovery efficiency. Exist-
ing triadic context simplification methods only preserve binary relations but
neglect triadic ones. In contrast, triadic concept reduction centers on ensuring
the integrity of triadic relations. However, it cannot directly simplify the origi-
nal triadic context. Therefore, this paper proposes a new triadic context, called
combination reduct-generated triadic context, thereby achieving direct simpli-
fication of the original context. Specifically, this paper defines combination re-
duction for triadic context. On this basis, this paper defines the combination
reduct-generated triadic context and validates that the new context can simplify
the original context on the basis of preserving the original information. Further-
more, this paper defines two evaluation indices for simplification to quantify the
simplification effect, and demonstrates that the simplification effect achieved
through simplification from multiple dimensions is more significant than that
from a single dimension.

Keywords: Triadic concept analysis · Formal concept analysis · Triadic context
· Attribute combination reduction · Simplification
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Fuzzy Inference Systems (FIS) are widely used mechanisms in engineering,

ranging from control problems to knowledge representation. The current FIS in
the literature can be divided into two main branches. On one hand, we have the
family of those FIS that use the compositional rule of inference in the inference
process, which includes the classic Mamdani inference system [7] and the more
general relational approaches [8]. On the other hand, we have the family of
those FIS where the inference procedure is carried on by combining crisp values
generated by rules by means of aggregation operators. Within this last family,
the most well-known and widely used FIS are the Takagi–Sugeno [10] and the
Tsukamoto [3] models.

Despite these systems standing out for their practical utility, most of them
exhibit a little flaw from a theoretical standpoint: they are not based on a formal
logical system. Therefore, these FIS, despite they make use of logical operators,
lack of a syntax and semantics that would allow for a rigorous definition of logical
consequence. Consequently, the correctness of these FIS has been identified with
empirical results rather than with theoretical results.

In [2] is presented a FIS taking as a reference the Fuzzy Description Logics
(FDL) and the notion of f -inclusion. FDL [9] is a family of formal logics that
assigns to implications (so-called concept spezializations) a semantics based on
inclusions. Besides, the notion of f -inclusion was introduced in [6] as a general-
ization of the notion of inclusion in the fuzzy setting. More recent results [4,5,6]
justify the use of f-inclusion both as an implication to model a fuzzy inference
rule and as an operator to represent the similarity between two fuzzy sets; which
results in the development of a Generalized Modus Ponens (GMP) based on
f-inclusion [1].

The resulting FIS [2] has a formal background with its syntax and seman-
tics, which allows to provide the formal definition of consequence and prove
the correctness of the fuzzy inference system consisting on the GMP based on
f-inclusion.

In the talk, we recall the theoretical background of this type of FIS and
present an upcoming result that asserts that the proposed FIS can be used for
universal approximation of continuous functions.
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The aim of this paper is to investigate parametrization of derivative operators
for non-commutative conjunctors with truth stressing hedges. Firstly we propose
concept-forming operators in the framework of fuzzy logic with non-commutative
conjunctors. Based on the two implications of adjoint triple, we defined concepts
with an extent and two intents and show that the set of concepts is a multilattice.
Secondly, we parametrize the obtained concept-forming operators with truth-
stressing ↙-hedge and ↖-hedge and obtain a concept multilattice with a fewer
formal concepts.

Keywords: Formal Concept Analysis · Fuzzy Logic · Multilattices · Linguistic
Hedge · Concept Reduction· Non-commutative conjunctors.
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The Rice-Siff algorithm [1] is an approach for reducing the number of for-
mal concepts. Rather than generating the complete concept lattice, which may
be prohibitively large, it produces only a representative subset of concepts. The
method combines Formal Concept Analysis with hierarchical clustering by treat-
ing extents of formal concepts as clusters. Starting from closures of singleton ob-
ject sets, it iteratively merges those current clusters whose intents are separated
by the minimum Jaccard distance. New clusters are then obtained as closures of
the unions of these closest pairs, thereby progressively constructing a hierarchy
from the finest clusters to the coarsest cluster containing all objects.

In this research, we propose two methods for evaluating the extents generated
by the Rice-Siff algorithm, allowing their properties to be assessed from two
different perspectives.

The first method builds on the approach proposed in paper [2], in which the
authors introduced a method for evaluating the elements of the factor set induced
by equivalence classes used in the approximation of rough sets, and, analogously,
a method for evaluating concept extents in Formal Concept Analysis based on
the intersection of concept lattices generated from different subsets of attributes.

We implement the extent-evaluation method and apply it to the extents gen-
erated by the Rice-Siff algorithm. The resulting scores are then compared with
the evaluations of extents from the complete set of extents of the given formal
context. In this way, we examine whether the Rice-Siff algorithm selects extents
that, with respect to the adopted measure, reflect the properties of the complete
extent set, or whether it tends to favour extents with specific characteristics.

The second method employs notions from rough-set theory to evaluate the
extents generated by the Rice-Siff algorithm. The evaluation is performed with
respect to a subset of attributes selected by the data analyst, which represents
a preferred view of the data. For each extent, we determine its lower and upper
approximations together with the accuracy of approximation, which expresses
the degree to which the extent can be precisely characterized with respect to the
selected attributes. In this way, the original output of the algorithm is extended



by a preference-oriented evaluation, enabling the identification of those extents
that are most relevant from the perspective of the chosen attributes.

Keywords: Formal Concept Analysis · Rice-Siff algorithm · rough sets · extent
evaluation.
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Abstract. This work concerns the research recently published as open
access in M. Eugenia Cornejo, Jesús Medina, Francisco J. Ocaña. The-
ories, models and bases of attribute implications in multi-adjoint concept
lattices with hedges. Computational and Applied Mathematics, 45(1):1–33,
2025.
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Formally defining the notions of model and theory in Formal Concept Anal-
ysis (FCA) is essential for representing data sets through attribute implications,
one of the major challenges in this framework. This issue has been addressed
from different perspectives including: the development of axiomatic systems and
reasoning procedures for graded dependencies and entailment [1,7,10], the con-
struction of minimal or non-redundant bases of attribute implications [3,9,10],
and the incorporation of linguistic hedges to refine the interpretation of fuzzy
implications [4,10].

In [5] the fundamental notions and properties associated with theory of at-
tribute implications, model, and the entailment between these structures intro-
duced by Bělohlávek and Vychodil [2], are extended to multi-adjoint concept lat-
tices with truth-stressing hedges framework. The results presented in [5] provide
a unified treatment of these structures and complement previous developments
in [4,6,8]. Furthermore, [5] extends the notion of basis of attribute implications
to this enriched framework, focusing on the most usual basis considered in FCA,
usually called Duquenne-Guigues-basis, which is composed of the implications
given by pseudo-intents. In this framework, the notion of pseudo-intent plays
? Partially supported by the project PID2022-137620NB-I00 funded by MI-
CIU/AEI/10.13039/501100011033 and FEDER, UE, by the grant TED2021-
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Operativo FEDER Andalucía 2021-2027 and by Consejería de Universidad, Investi-
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a critical role, providing a direct mechanism to obtain representative attribute
implications and, as a consequence, useful bases.
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The extraction of relevant knowledge from databases is crucial in most scien-
tific fields. As the volume and complexity of available data continue to grow, the
development of effective techniques for identifying meaningful patterns and rela-
tionships has become increasingly important. Therefore, it is essential to study
methods based on formal structures and logical relationships that provide a way
to organize, analyze and summarize the information contained in datasets. In
many modern scenarios, the information to be analyzed is not stored in a single,
centralized, location. Instead, in settings such as edge computing or federated
learning [16,19,20,21], it is distributed across multiple sources. Consequently, we
need mechanisms that combine locally obtained information into coherent global
knowledge in such a way that the identity the each source is preserved.

Another important aspect in real-world databases is the presence of uncer-
tain or imprecise information. Data may be incomplete, noisy or represented by
linguistic variables [2,3,8,17], which requires the use of fuzzy analytical methods.
For this reason, many approaches incorporate mathematical frameworks capable
of handling uncertainty.

Among the mathematical frameworks designed for knowledge extraction from
data, formal concept analysis (FCA) provides a mathematical approach for ob-
taining and structuring information present in relational databases. This theory,
introduced by Ganter and Wille [13], represents databases as a triple defined by
a set of objects, a set of attributes and a relation between them. From this triple,
denoted as context, we can obtain fundamental pieces of information, called con-
cepts, organized as a complete lattice. This concept lattice reveals the hierarchi-
cal ordering of the information contained in the dataset. Since the introduction
of fuzzy set by Zadeh [22], many authors have introduced fuzzy extensions of
FCA [1,9,10], which consider a gradual degree of membership between objects
and attributes. In particular, the fuzzy extension given by multi-adjoint concept
lattices [18] stands out due to its flexibility and adaptability to real-world sce-
narios. This extension uses the notion of multi-adjoint framework to set a poset
for the fuzzy relation between objects and attributes, two complete lattices to
represent the membership degrees associated with objects and attributes, and
several adjoint triples [11,12] which specify the logic behind how concepts are
obtained.

Within FCA, the notion of bond was introduced as an aggregation mechanism
to combine the information of disjoint contexts whilst preserving the identity of
the original data. In [4], we presented an generalization of the notion of bond to
the multi-adjoint setting, the multi-adjoint bond. A multi-adjoint bond between
two disjoint contexts, M1 and M2, is a context M12 relating the objects of M1



with the attributes of M2 such that its underlying information is part of the
already existing information of the original contexts. Developing mechanisms
that yield all multi-adjoint bonds between two contexts remains a challenging
problem, although some results have already been obtained for the crisp and
residuated settings [5].

In order to aggregate the two contexts, we also need to define a multi-adjoint
bond M21 that relates the objects of M2 and the attributes of M1. Hence, we
define the sum of the contexts via the multi-adjoint bonds as the context defined
by Table 1. This aggregated context combines the original contexts together
using the multi-adjoint bonds to relate their data.

P1 P2

O1

O2

M1

M21

M12

M2

Table 1. The representation of the sum of the contexts M1 and M2 via the multi-
adjoint bonds M12 and M21.

Given two arbitrary disjoint contexts, there usually exists many multi-adjoint
bonds between them. Thus, it is important to choose the most appropriate multi-
adjoint bond for the sum of the contexts according to certain criteria, perhaps
driven by external information [14,15]. In [6] we focus on two relations to de-
fine the multi-adjoint bonds: the constantly > relation and the constantly ⊥
relation, where > and ⊥ are, respectively, the top and bottom element of the
corresponding poset. The first relation always defines a multi-adjoint bond and
we introduced sufficient conditions to ensure that the second relation also defines
a multi-adjoint bond [4,6]. The paper [6] focuses on analyzing the structure of
the concept lattice of the sum of two contexts using the aforementioned rela-
tions. When the contexts are aggregated using the constantly > relations, the
resulting concept lattice is the cartesian product of the original concept lattices,
combining the information completely. On the other hand, whenever the aggre-
gation is done through the constantly ⊥ relations, the aggregated concept lattice
results in the horizontal sum, linking the information independently. This study
was continued in [7], where the contexts were aggregated using the constantly >
relation for one multi-adjoint bond and the constantly ⊥ relation for the other,
resulting in the vertical sum of the concept lattices, which establishes a clear
hierarchy between the contexts. A depiction of these construction methods can
be seen in 1.

In the future, we will continue the study on the structure of the aggregated
concept lattice when the sum of the contexts is defined via multi-adjoint bonds
which use different relations to the ones mentioned in this work. Moreover, we



Fig. 1. An illustration of the different aggregation methods discussed: on the left, the
cartesian product; on the middle, the horizontal sum; and on the right, the vertical
sum.

will continue improving the algorithm showcased in [5] and extend it to the multi-
adjoint concept lattice framework. Other mechanisms will also be analyzed, with
an emphasis on calculating all multi-adjoint bonds or only the most interesting
ones according to external information. Furthermore, we will look into defining
alternative aggregation methods that allow certain overlapping of the datasets.
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Keynote speech:

Decision Making in Fuzzy Rough Set Theory

M. Eugenia Cornejo

University of Cádiz, Spain

This talk addresses the extension of decision algorithms to the fuzzy rough
set theory framework, where datasets are modeled as decision tables under un-
certainty. The notion of decision algorithm, originally defined by Pawlak as a
collection of rules with desirable descriptive properties for relational systems,
is revisited and adapted through the notion of efficiency. In this context, two
approaches to defining efficiency in the fuzzy framework are presented: the first
one is a direct generalization to the classical case, while the second one is fo-
cused on obtaining a bounded efficiency preserving the philosophy of the classical
framework.

In addition, this talk presents different methods for classifying new objects
which are not included in the original dataset, aiming to support more effective
decision-making. These methods rely on relevance indicators associated with
decision rules—such as support, certainty, and credibility—taking into account
both the degree of matching between new objects and existing rules, as well
as their representativeness and reliability. The proposed classification strategies
extend and generalize existing approaches in the literature, offering richer and
more flexible alternatives within the fuzzy rough set framework.
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Tutorial S2:

Fuzzy Relational Calculus as a Fundamental yet
Powerful Concept

Martin Štěpnička

University of Ostrava

Fuzzy set theory introduced a mathematically precise way of handling graded
membership and vague concepts, providing a flexible framework for modeling
situations where sharp boundaries are neither available nor desirable. From its
earliest formulations, the theory has supported a wide spectrum of extensions
aimed at representing structured information and graded relationships between
objects.

Within this broader framework, fuzzy relations arise as natural generaliza-
tions of classical relations, enabling the formal representation of dependencies,
constraints, and interactions in a graded setting. Fuzzy relational calculus builds
on this idea by treating relations as fundamental objects of study and by pro-
viding systematic mechanisms for constructing new relations from existing ones
through well-defined operations. An important part of the tutorial is devoted
to fuzzy relational compositions, which naturally emerge within this framework
as key mechanisms for relating and propagating information between relational
structures. These compositions form a bridge between elementary relational de-
scriptions and more complex constructions, allowing the development of models
that are expressive, transparent, and easy to interpret. By embedding fuzzy rela-
tional compositions into a broader relational calculus, the tutorial clarifies their
role and significance within the general landscape of fuzzy relational modeling.
Several potential applications and applicational areas are also presented.

This tutorial presents fuzzy relational calculus as a foundational framework
for working with fuzzy relations. Emphasis is placed on the principles governing
relational constructions and on how different design choices influence the expres-
sive power and behavior of the resulting models. Links to Rough Sets Theory are
also provided. Although the two theories are motivated differently, they exhibit
an extremely rich overlap in the mathematical concepts and tools they employ,
which creates a unique potential for inheriting results from one to the other.
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Tutorial S2

fcaR: FCA for Knowledge Extraction in
Real-World Environments

Ángel Mora

University of Málaga, Spain

Formal Concept Analysis (FCA) has become a mathematical data analysis
tool that enables the extraction of concept hierarchies and implications from
relational data. The core of FCA lies in lattice theory and logic.

Despite its theoretical robustness, its application in production environments
and real-world problem solving is often limited by the complexity of the available
tools. In this seminar, we will explore how the fcaR package for the R language
simplifies the workflow by providing an integrated ecosystem for the creation,
manipulation, and visualization of formal contexts, concepts, and implication
sets.

Through practical use cases, we will demonstrate how fcaR makes it possi-
ble to transform raw data into knowledge. We will see how to identify hidden
structures in data and perform classification and recommendation tasks based
on rules. The aim is for participants to understand not only the underlying the-
ory of FCA, but also how to implement computationally efficient solutions for
data analysis and knowledge discovery using this package.
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A Controllable Multi-space Feature
Disentanglement Framework for Open-Domain

Dialogue Generation

Yahui Lei1, Ye Wang1, Jingbo Liao1, Qun Liu1, Tianwen Qian2, Xiaoling
Wang2, and Hong Yu1?

1 Chongqing Key Laboratory of Computational Intelligence, Key Laboratory of Big
Data Intelligent Computing, Chongqing University of Posts and Telecommunications,

Chongqing 400065, China
yuhong@cqupt.edu.cn

2 School of Computer Science and Technology, East China Normal University,
Shanghai 200062, China

Open-domain dialogues are often ambiguous due to the lack of semantic clar-
ity in expression, which is primarily rooted in weak semantic recognition. Current
semantic recognition models based on feature disentanglement are designed for
single hidden spaces. When the expression contains multiple semantics, disen-
tanglement of the correct features cannot be achieved in such a single hidden
space, resulting in inaccurate responses. Besides, the semantics of hidden vari-
ables cannot be controlled by sampling in a single hidden space. To address these
limitations, we propose a controllable multi-space feature disentanglement frame-
work for open-domain dialogue generation. Our approach disentangles features
into different classes of multiple semantic hidden spaces, allowing us to generate
dialogue texts with specified semantics by controlling the latent variables. To
control the dependence level of the generated text on each category, we further
introduce a weighted semantic vector approach to improve text generation. Fi-
nally, we conducted comprehensive comparative experiments on the DailyDialog
dataset. We analyzed the emotion and action categories of the dataset to validate
the performance of our model.

Keywords: Deep latent variable models · Open-domain dialogue · Controlled
dialogue generation · Feature disentanglement.
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A Survey on Multimodal Human-Machine
Interaction in Smart Cockpits

Ye Wang1, Wei Zhang1, Bin Wu1, Ke Liu1, Hong Yu1?, Guoyin Wang2, Xiao
Li3, Qun Liu1, and Runxi Zhang4

1 Chongqing Key Laboratory of Computational Intelligence, Chongqing University of
Posts and Telecommunications, Chongqing 400065, China
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In recent years, there has been a significant development in smart cockpits,
driven by the widespread adoption of multimodal human-machine interaction
technology. This survey aims to provide a comprehensive overview of smart cock-
pits, specifically focusing on their multimodal interaction capabilities. To achieve
this, we propose a taxonomy that categorizes smart cockpit interaction methods
into active and passive approaches, further emphasizing the pivotal role of trust-
worthy artificial intelligence in enabling advanced cockpit functionalities. More-
over, we present an extensive comparative analysis of various human-machine
interaction methods, offering valuable insight to inform the design and develop-
ment of smart cockpits. Additionally, we compile a summary of commonly used
multimodal processing datasets, which is instrumental in facilitating the imple-
mentation of multimodal interaction in intelligent vehicles. Finally, we discuss
the future prospects of smart cockpits in automobiles, highlighting promising
avenues to further ensure safety and robustness.

Keywords: Human-computer interaction · Smart cockpits · Active interaction
· Passive interaction · Trustworthy artificial intelligence
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In the realm of machine learning, ensuring the reliability and safety of systems
in open environments remains a significant challenge, particularly when dealing
with out-of-distribution (OOD) data. Traditional OOD detection methods often
fall short due to limited diversity in generated OOD data or the high cost of
collecting real OOD data. To address this, we propose MBCOOD, a novel OOD
detection method based on Mesoscopic Boundary-Constrained OOD generation
with generative adversarial networks. Inspired by the mesoscopic perspective,
MBCOOD generates difficult OOD samples that lie between in-distribution (ID)
and OOD data. These samples are concentrated around the boundary of the ID
data, effectively improving OOD detection performance. Specifically, MBCOOD
introduces a fast sampling module for initial model stabilization, a difficult OOD
data generation module that enhances diversity through a novel application of
the fast gradient sign method, and a data conflict adjustment module to prevent
overlap with high-density ID data areas. Experimental results on traditional
benchmarks demonstrate MBCOOD’s superior performance, with a minimum
reduction of 19.8% in FPR@95 and improvements of at least 7.33% and 4.94%
in AUROC and AUPR, respectively. Furthermore, MBCOOD excels in more
challenging scenarios, confirming the importance of generating diverse and diffi-
cult OOD data for effective OOD detection.

Keywords: Out-of-Distribution detection · Generative adversarial networks ·
Diversity · Fast gradient sign method.
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In dynamic autonomous driving scenarios, perception uncertainty and inter-
action ambiguity constrain the safety and efficiency of planning models. Existing
methods rely on preset static thresholds and lack adaptability to different sce-
narios, often leading to overly conservative strategies or dangerous misjudgments
when facing ambiguous interaction states. To address these issues, this paper pro-
poses a Game-Theoretic Decision-Rough-Set (GT-DRS) planning model. First,
we utilize Neighborhood Rough Set (NRS) theory to model the agent’s state
space. By constructing the upper and lower approximations of the target con-
cept, we granulate continuous interaction states into deterministic and boundary
regions, effectively buffering perception noise. Second, we introduce Bayesian de-
cision theory combined with a multi-vehicle game risk-payoff matrix to calculate
the optimal dynamic decision threshold pair (α∗, β∗), which adjusts adaptively
according to the scenario risk. Finally, for interaction states in the boundary
region, we propose a Stackelberg planning strategy. Modeling the ego vehicle as
the game Leader, we generate probing trajectories to maximize the information
gain regarding latent intentions. This active strategy compels the ambient agent
(as the Follower) to provide feedback, converting epistemic uncertainty into de-
terministic information, thereby driving the state to converge rapidly from the
ambiguous boundary to the deterministic positive or negative regions. Exper-
imental results on the nuPlan benchmark demonstrate that GT-DRS achieves
state-of-the-art performance, reaching a composite R-score of 94.13 on Val14,
while exhibiting strong robustness under high perception noise with a perfor-
mance gain of approximately 61.56%.

Keywords: Autonomous Driving · Neighborhood Rough Set · Game Theory ·
Perception Uncertainty
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Understandingfeaturerelationshipsinlarge-scaleconfigurable software is criti-
cal for maintenance, refactoring, and testing. Kconfig, the configuration lan-
guage used by the Linux Kernel, Coreboot, Buildroot, U-Boot, and many other
systems, presents particular challenges due to its scale and semantic complex-
ity. To clarify these relationships, graphs of transitive feature dependencies and
conflicts across all configurations are very helpful. The known approach to ob-
taining those graphs first translates Kconfig models into Boolean logic and then
uses satisfiabil- ity solvers to obtain the transitive relationships. This approach
has two fundamental limitations: (1) despite more than a decade of research, the
translation from Kconfig to Boolean logic remains incomplete (i.e., no translation
considers the whole Kconfig’s semantics), and (2) identify- ing the transitive re-
lationships is computationally expensive, requiring numerous costly solver calls.
This paper presents a novel approach that sidesteps both challenges by com-
bining pragmatic configuration sampling with association rule mining. To test
the approach, we generated 1,000 configurations from Coreboot 4.13 firmware
using the randconfig+ tool, and applied the Apriori algorithm to extract 79,464
dependencies and 1,206,384 conflicts.

Keywords: Configurable Software · Association Rules · Machine Learning ·
Network Analysis.
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Abstract. Modern online platforms rely on automated monitoring sys-
tems to supervise critical Key Performance Indicators (KPIs). Most in-
dustrial alerting mechanisms are based on rigid thresholding, producing
binary outputs that fail to capture gradual uncertainty dynamics. This
work introduces a Fuzzy Confidence Layer (FCL) for decision modula-
tion in AI-based monitoring systems. The FCL operates as an interme-
diate soft computing operator that maps deviation signals into graded
alert levels using fuzzy membership functions and rule-based inference.
We formalize the architecture, analyze its structural properties, and il-
lustrate its behavior under synthetic degradation scenarios. The results
show that the proposed layer enhances stability, interpretability, and
smooth risk escalation while maintaining computational simplicity.

Keywords: Fuzzy Logic · Soft Computing · KPI Monitoring · Decision
Modulation · Uncertainty Modeling

1 Introduction

Monitoring systems in data-intensive online platforms continuously evaluate Key
Performance Indicators (KPIs) against historical baselines. Typical examples in-
clude revenue, deposits, churn rate, or user activity metrics. In industrial prac-
tice, alerting mechanisms are commonly based on hard thresholds applied to
deviation measures but this may cause to miss some important alerts due to the
information overload problem [1].

Let xt denote the observed KPI value at time t, and x̂t its expected baseline.
A standard relative deviation is defined as

∆t =
xt − x̂t
x̂t

(1)

and alerting is typically implemented as a binary rule:

Alertt =

{
1 if ∆t < θ

0 otherwise
(2)



where θ is a predefined threshold.
Such mappings are discontinuous and sensitive to small perturbations near

θ. If we denote this decision function by fthr(∆), then fthr is discontinuous
at θ. As a consequence, small fluctuations around the threshold may generate
oscillatory alert behavior, especially in noisy environments. Moreover, binary
decisions fail to capture gradual degradation patterns and do not provide graded
representations of risk.

Fuzzy set theory provides a formal framework for modeling gradual transi-
tions and partial membership [2]. Instead of mapping inputs into crisp binary
outputs, fuzzy operators allow continuous transformations between quantitative
signals and confidence levels. This property makes fuzzy reasoning particularly
suitable for uncertainty modeling in complex decision processes [3].

In this work, we propose replacing the discontinuous threshold function fthr
with a continuous fuzzy operator FFCL

FFCL : (∆t, At,W )→ [0, 1], (3)

where ∆t represents deviation, At its short-term variation, and W a strategic
importance weight. The resulting output is a graded alert level that preserves
interpretability while improving stability and robustness in KPI monitoring sys-
tems.

2 Fuzzy Confidence Layer Architecture

Following the original formulation of fuzzy sets [2,4] and Mamdani-type infer-
ence [5], we define a fuzzy operator that maps KPI deviations into graded alert
levels.

Let

∆t =
xt − x̂t
x̂t

(4)

denote the relative deviation from baseline, and

At = ∆t −∆t−1

its short-term acceleration. Additionally, a strategic importance weight W ∈
[0, 1] reflects business criticality.

The Fuzzy Confidence Layer (FCL) performs the mapping:

FFCL : (∆t, At,W )→ [0, 1] (5)

using a Mamdani inference scheme with centroid defuzzification.



2.1 Membership Modeling

Deviation is represented through overlapping linguistic terms (Low, Moderate,
High, Critical) using triangular or trapezoidal membership functions [6]. For
example, a critical deviation may be modeled as:

Critical(∆) =


0 ∆ > d1
d1−∆
d1−d2 d2 ≤ ∆ ≤ d1
1 ∆ < d2

(6)

Acceleration is modeled using smooth Gaussian membership functions, while
importance is represented over [0, 1] through low/medium/high impact sets.

The rule base combines deviation severity, acceleration trend, and importance
weight to produce graded alert levels.

3 Structural Properties

Unlike classical threshold functions [7], the proposed operator exhibits the fol-
lowing properties:

Boundedness. Since membership functions and aggregation operators are
bounded in [0, 1], the output satisfies:

0 ≤ FFCL(∆,A,W ) ≤ 1.

Continuity. If membership functions are continuous, then the FCL mapping
is continuous with respect to ∆ and A. This avoids discontinuities inherent in
hard threshold models.

Monotonicity. Under monotonic severity definitions, larger negative devia-
tions produce equal or higher alert levels, ensuring consistent risk escalation.

These properties ensure stable behavior under noisy perturbations while pre-
serving interpretability.

4 Illustrative Synthetic Scenario

We simulate:

xt = x̂t(1 + εt) εt ∼ N (0, σ2) (7)

Three regimes are evaluated:

1. Pure noise,
2. Gradual degradation,
3. Abrupt shock.

Compared to threshold-based systems, the FCL:

– Reduces oscillatory switching,
– Produces smooth escalation curves,
– Provides interpretable intermediate states.



5 Discussion

The FCL can be interpreted as a continuous relaxation of binary alerting. It
preserves interpretability while introducing smooth uncertainty handling. The
architecture remains modular and compatible with machine learning pipelines.

Beyond KPI monitoring, the same operator may post-process probabilistic
outputs in financial risk monitoring systems to avoid abrupt control actions
under noisy conditions.

6 Conclusion

We introduced a Fuzzy Confidence Layer as a continuous decision modulation op-
erator for AI-based monitoring systems. The formal properties of boundedness,
continuity, and monotonicity distinguish it from rigid threshold models. The re-
sults illustrate how soft computing can enhance robustness and interpretability
in industrial AI infrastructures.
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Abstract. The prioritization of tax inspection cases within public ad-
ministrations is a complex multi-criteria decision problem involving het-
erogeneous data sources, evolving regulations, and multiple expert stake-
holders. Traditional rule-based scoring systems, derived from statutory
guidelines and subsequent reforms, lack adaptability and do not formally
capture the collective nature of inspection decisions. This paper pro-
poses an adaptive artificial intelligence framework explicitly designed as
a Group Decision Making support system for tax case prioritization. The
model integrates automated feature extraction from structured and un-
structured data through transformer-based natural language processing,
dynamic scoring via reinforcement learning-inspired weight updates, and
formal aggregation of expert preferences into a consensus-based rank-
ing of alternatives. An illustrative example with multiple experts and
competing cases demonstrates the coherence and transparency of the
proposed approach. The framework improves decision consistency, re-
duces deliberation time, ensures institutional traceability, and strength-
ens overall governance robustness, offering a scalable solution for complex
and accountability-driven public sector environments.

Keywords: Group Decision Making · Decision Support Systems · Nat-
ural Language Processing.

1 Introduction

Inspection resource allocation in tax administrations is a strategic decision-
making problem under informational asymmetry, regulatory changes, and op-
erational constraints. In Spain, the Agencia Estatal de Administración Trib-
utaria handles over one million inspection proceedings annually, necessitating
systematic prioritization to prevent backlogs and ensure efficiency. Inspection



prioritization is inherently collective: inspectors, risk analysts, and supervisors
aggregate heterogeneous judgments. The lack of formal aggregation introduces
variability, bias, and inconsistencies [1,2].

This paper frames prioritization as a structured Group Decision-Making
(GDM) problem [3,4]. It presents an adaptive Artificial Intelligence model that
supports expert deliberation by integrating automated evidence extraction, for-
mal preference aggregation, and adaptive learning in a transparent framework.

2 Proposed Method

Let A = {a1, a2, . . . , am} denote the set of inspection cases (alternatives) and
C = {c1, c2, . . . , cn} the set of evaluation criteria used to assess the potential
relevance of each case. Let E = {e1, e2, . . . , eK} be the group of experts par-
ticipating in the prioritization process. Each alternative ai is represented by a
feature vector Pi = (pi1, pi2, . . . , pin), where pij denotes the value of alternative
ai under criterion cj . To ensure comparability across heterogeneous indicators,
all variables are normalized into the interval [0, 1].

The proposed framework consists of three integrated layers: automated fea-
ture generation, structured modelling of expert preferences, and adaptive consensus-
based ranking.

2.1 Automated Feature Generation

The first layer extracts relevant indicators from heterogeneous administrative
sources such as tax declarations, financial statements, sanction records, and tex-
tual inspection reports.

Let vij denote the raw value of alternative ai for criterion cj . Each indicator
is normalized using min–max normalization: pij =

vij−min(vj)
max(vj)−min(vj)

. This trans-
formation guarantees that all criteria lie within the interval [0, 1], preventing
scale differences from distorting the aggregation process.

When textual sources are involved, natural language processing techniques
based on transformer architectures are used to extract semantic indicators as-
sociated with potential tax risk patterns. These extracted signals are converted
into numerical features that can be incorporated into the feature vector Pi.

2.2 Structured Expert Preference Modelling

The second layer captures the heterogeneity of expert judgments in the evalua-
tion process. Each expert ek assigns a weight vectorW(k) = (w

(k)
1 , w

(k)
2 , . . . , w

(k)
n )

representing the relative importance of the evaluation criteria.
The weights satisfy the normalization constraint

∑n
j=1 w

(k)
j = 1, w

(k)
j ≥

0. To obtain a collective representation of expert preferences, the individual
weight vectors are aggregated to compute the group weight vector w̄j = 1

K

∑K
k=1 w

(k)
j ,

which yields W̄ = (w̄1, w̄2, . . . , w̄n). In order to evaluate the level of consensus



within the expert group, the dispersion of the weights is analysed. For each cri-
terion cj , the variance across experts is computed as σ2

j = 1
K

∑K
k=1(w

(k)
j − w̄j)2.

High dispersion values indicate disagreement among experts. When the disagree-
ment exceeds a predefined threshold, the system can trigger a feedback phase in
which experts are invited to reconsider extreme weight assignments, promoting
convergence while preserving diversity of expertise.

2.3 Adaptive Consensus-Based Ranking

The third layer generates the prioritization ranking of inspection cases. Given
the normalized feature vectors and the aggregated weight vector, the global
score of each alternative ai is computed using a weighted aggregation model:
S(ai) =

∑n
j=1 w̄jpij . The alternatives are then ordered according to their scores

such that ap � aq if S(ap) > S(aq).
This ranking represents the collective prioritization produced by the group

decision-making process. To allow the model to adapt to new inspection out-
comes, an adaptive update mechanism is incorporated. After the inspection pro-
cess is completed, each inspected case generates a feedback signal reflecting the
effectiveness of the prioritization decision.

Let ri denote the reinforcement signal associated with alternative ai. The
group weights are updated according to w̄(t+1)

j = w̄
(t)
j + α ri pij , where α is a

learning rate controlling the magnitude of the adjustment.
Finally, the updated weights are renormalized to preserve the constraint∑n
j=1 w̄j = 1. This adaptive mechanism allows the prioritization model to evolve

over time in response to new regulatory requirements and emerging fraud pat-
terns, improving its alignment with real inspection outcomes.

3 Illustrative Example

Consider four inspection cases a1, a2, a3, a4 evaluated under three criteria: in-
come tax discrepancy (c1), VAT risk (c2), and sanction history (c3).

Normalized feature vectors are: a1 = (0.40, 0.30, 0.20); a2 = (0.25, 0.50, 0.10);
a3 = (0.60, 0.20, 0.40); a4 = (0.30, 0.35, 0.60). Four experts participate: Inspec-
tor Senior: (0.50, 0.30, 0.20); Data Analyst: (0.40, 0.35, 0.25); VAT Specialist:
(0.30, 0.50, 0.20); Unit Supervisor: (0.45, 0.30, 0.25).

The aggregated weights are: W̄ = (0.4125, 0.3625, 0.225)
Group scores are computed as: S(a1) = 0.330; S(a2) = 0.328; S(a3) =

0.410; S(a4) = 0.386. The resulting ranking of alternatives is: a3 � a4 � a1 � a2.
Notably, individual rankings differed significantly: the VAT specialist ini-

tially prioritized a2, whereas the senior inspector favored a3. The aggregation
mechanism produces a coherent compromise reflecting the collective structure
of preferences. Following actual inspection, significant fraud is confirmed in a3
and a4, moderate irregularities in a1, and minor issues in a2. Reinforcement ad-
justment increases the weight associated with income discrepancy and sanction
history, updating the model for future prioritization cycles.



4 Discussion

The proposed framework formalizes an inherently collective administrative pro-
cess within a rigorous multicriteria decision model. By combining automated
evidence extraction with explicit modelling of expert heterogeneity, it enhances
consistency and reduces deliberative inefficiencies.

Unlike purely predictive risk-scoring systems, the model preserves institu-
tional agency by maintaining human oversight and interpretability. Its adaptive
mechanism mitigates the impact of legislative reforms and evolving fraud dy-
namics without requiring manual reconfiguration of scoring rules.

Limitations include dependence on data quality, the need for institutional
acceptance, and the risk of algorithmic over-reliance. These challenges underscore
the necessity of positioning the system as a decision support tool rather than an
autonomous decision-maker.

5 Future work

Future research will focus on extending the proposed framework through the
incorporation of advanced consensus metrics, fuzzy preference modelling, and
explainable artificial intelligence techniques to improve transparency and insti-
tutional trust. Additionally, future work will include empirical validation using
real-world administrative datasets and the exploration of more advanced adap-
tive learning mechanisms to enhance the robustness and scalability of the system
in operational tax inspection environments.
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Edge computing and distributed systems serve as contemporary exemplifica-
tions of the necessity to operate locally in order to retrieve information from a
global system. Consequently, it is imperative to adapt the various mathematical
tools to these situations. To this purpose, it is necessary to undertake a com-
prehensive examination of the algebraic structures that may emerge from the
various local structures, in addition to the methodologies for their integration
within the overarching system. In [7], the authors introduced a novel mechanism
on posets, extending the well-known ordinal sum construction of Clifford, called
lattice-based sum of posets. This novel approach, allowed for a lattice ordered
index set instead of a linearly ordered index set, which opens up new lines of
research in the field.

The subsequent stage entailed defining operators that locally work and ex-
amining the properties that can be preserved in the aggregated structure. It is
widely known that the use of triangular norms (t-norms) yields good results due
to their properties, although several many-valued logics are based on bounded
lattices that are not necessarily chains (totally ordered sets). The extension of
t-norms on bounded lattices has been analyzed in different papers [5,9,12,14].
Subsequently, a method to generalize the ordinal sum technique of t-norms based
on lattice-based sums was introduced in [6].

Nowadays, it is essential that the operators defined within each local structure
exhibit a high degree of flexibility in order to adequately capture the complexity
of practical applications. While t-norms provide a well-established and mathe-
matically convenient framework, their inherent properties, such as associativity
and commutativity, may be overly restrictive in certain contexts. Consequently,
it is often more appropriate to consider more general classes of operators that
relax these constraints, allowing for a more accurate and context-sensitive model-
ing of interactions. For example, the ordinal sum of other monotonic operators,
such as, uninorms and pseudo-uninorms, have been studied [8,11]. In a more
general framework, the authors in [1] analyzed the ordinal sum of arbitrary op-
erators defined on the lattices of a given family based on the lattice-based sum
given in [7] and extending the results presented in [6]. Therefore, a sum of these
? Partially supported by the project PID2022-137620NB-I00 funded by MI-
CIU/AEI/10.13039/501100011033 and FEDER, UE, project FEDER-UCA-2024-
A2-04 funded by Programa Operativo FEDER Andalucía 2021-2027 and by Conse-
jería de Universidad, Investigación e Innovación, Junta de Andalucía.



operators on the obtained lattice-based sum was introduced, and the properties
preserved by this new definition were examined.

Fuzzy implications are among the most fundamental operations in fuzzy logic,
playing a central role in approximate reasoning, as well as in inductive and de-
ductive inference. Their relevance is further highlighted by their wide range
of applications, including fuzzy relational equations, fuzzy mathematical mor-
phology, fuzzy measures, and image processing. Traditionally, fuzzy implications
have been defined as mappings I : [0, 1] × [0, 1] → [0, 1] satisfying the classical
boundary and monotonic conditions, with particular attention given to residual
implications derived from left-continuous t-norms. However, this well-established
framework is mainly restricted to the unit interval [0, 1] [3], which may limit its
applicability in more complex settings.

In this work, we go further by considering operators defined on more general
structures obtained as a sum of smaller structures [1,6,9]. Within this framework,
we aim to analyze whether such operators preserve the main properties of fuzzy
implications, thereby extending their study beyond the classical domain and
providing a more flexible setting for their application.

To address this problem, we construct an ordinal sum of a given family of
mappings defined on partial ordered sets (posets) based on the well-known or-
dinal sum construction of Clifford, extending that presented in [15]. We study
the boundary conditions, the monotonicity in both arguments, identity, order-
ing and interchange properties. We analyze sufficient conditions to ensure these
properties. In the future, we will study alternative definitions of sum of gen-
eral operators to reduce the hypotheses. Furthermore, we will investigate suffi-
cient conditions to obtain residuated implications, extending the results given
in [2,4,13], and its application to different mathematical tools, such as in flexible
fuzzy formal concept analysis frameworks [10].
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Artificial Intelligence systems increasingly operate in open-world environ-
ments where unknown classes, distributional shift, and anomalous inputs are
unavoidable. Most learning models, however, are developed under closed-world
assumptions, enforcing exhaustive decisions even when inputs lie outside vali-
dated knowledge. In AI safety-critical contexts, this structural overconfidence be-
comes a source of risk. From a rough-set perspective, AI safety can be interpreted
as a boundary-recognition problem. Lower approximations represent regions of
reliable knowledge, while boundary regions capture epistemic uncertainty and
partial evidence. When inputs fall within these boundary areas, principled ab-
stention or escalation mechanisms become necessary. Importantly, rough-set ap-
proximations provide interpretable structural explanations, explicitly indicating
whether a decision is supported by consistent evidence or lies within a region
of ambiguity. We frame AI safety as a monitoring problem and analyze a fuzzy-
rough boundary modeling approach in which rough approximation’s structure
epistemic regions and fuzzy compatibility degrees provide graded conformance
signals for runtime inspection. These mechanisms generate transparent safety
indicators that explain acceptance, rejection, or escalation decisions. As an illus-
trative example, an image classifier encountering unseen categories can detect
boundary proximity and trigger anomaly-aware safety responses instead of forc-
ing classification. This work positions rough-set boundary modeling as a natural,
interpretable, and explainable foundation for monitoring-driven AI safety.
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Oversampling is commonly used to address class imbalance by enriching the
minority class in the training data. In this paper we examine how such balanc-
ing influences the quality of concept-dependent granulation. Building on foun-
dations of granular computing and rough set theory, we analyze granulation
performed on stabilized, oversampled training sets and compare the results with
those obtained earlier from randomly sampled data. The study highlights how
oversampling changes the granulation process and impacts the resulting classi-
fication efficiency. The accuracy results obtained using the k-Nearest Neighbors
algorithm are similar for both data sets without SMOTE and those in which
SMOTE was applied. The results suggest that the granularity process has a sig-
nificant impact on the analyzed parameters, and the effects remain consistent
in both the original data and the data processed using SMOTE. These results
confirm the stability of the observed changes, regardless of how the data was
prepared.

Keywords: SMOTE, class imbalance, granular computing, rough set theory,
concept-dependent granulation
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With drone technology rapidly advancing, truck–drone collaborative delivery
has become a promising solution to the last-mile logistics problem by integrat-
ing the endurance of trucks with the flexibility of drones. However, most ex-
isting methods optimize truck and drone paths separately, failing to effectively
capture the complex coupling between them and often ignoring the potential of
multi-visit drone operations. These limitations restrict the quality, efficiency, and
scalability of solutions in large-scale delivery scenarios. To address these issues,
this paper focuses on the Vehicle Routing Problem with Multi-Visit Drones
(VRP-MD) and proposes a Multi-Granularity Cooperative Genetic Algorithm
(MGCGA) for efficient collaborative route optimization. A new individual repre-
sentation is designed to jointly encode truck routes, drone flight sequences, and
launch–recovery decisions, aiming to model coordination relationships. More-
over, an ordered crossover operator and two problem-specific mutation operators
are introduced to enhance population diversity and global search capability. Ex-
perimental results on multiple instances demonstrate that MGCGA effectively
handles large-scale problem complexity and significantly improves delivery effi-
ciency and operational flexibility.

Keywords: Multi-granularity · Genetic algorithm · Truck-drone cooperative
delivery · Vehicle routing problem.
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Abstract. This paper introduces Granula, a comprehensive software
platform designed for the flexible identification and application of ma-
chine learning techniques in decision-making processes. Unlike monolithic
black-box systems, Granula offers a unique synergy between automated
modeling (AutoML) and manual expert-driven exploration, particularly
using the principles of Rough Set Theory and granular computing. The
platform is characterized by an integrated AI Assistant that maps natu-
ral language commands to specific analytical functionalities, alongside a
robust validation system that monitors model integrity and warns against
common pitfalls such as data leakage. By providing a transparent and
explainable environment through its XAI module, Granula empowers
users to experiment freely while maintaining high standards of modeling
correctness.

Keywords: Human-AI Collaboration · AutoML · Explainable AI (XAI)
· Rough Set Theory · Model Validation · Decision Support Systems.

1 Introduction

Modern decision support systems often face a trade-off between the ease of use
provided by automation and the precision required by domain experts. Granula
is developed to bridge this gap, offering a workspace where users can either rely
on sophisticated automated pipelines or manually craft models using, among
other approaches, granular computing techniques [17,2,3]. The primary goal of
the system is to facilitate the discovery of the most effective machine learn-
ing strategies for specific decision problems through a collaborative human-AI
interface.

2 Key System Functionalities

2.1 Intelligent AI Assistant

At the core of Granula’s interactivity is an AI Assistant based on Large Lan-
guage Models. This component acts as an orchestrator, allowing users to explore



datasets and execute complex analytical tasks via natural language. The assis-
tant interprets user intent and maps it directly to the system’s internal functions,
from data preprocessing to the training of specialized models, including selected
Rough Set-based classifiers.

2.2 Automated and Manual Modeling

The platform supports a dual approach to model construction:

– AutoML Suite: A module that automatically evaluates multiple classic and
modern machine learning algorithms, including gradient boosting frame-
works such as XGBoost, LightGBM, and CatBoost, providing detailed per-
formance reports and ranking [4,5,6,7].

– Manual Exploration: A flexible suite of expert-driven analytical tools that
supports interactive data exploration, knowledge discovery, and the construc-
tion of interpretable decision models [17,2,3].

2.3 Explainable AI (XAI) and Transparency

To ensure the reliability of the modeling process, Granula integrates an extensive
XAI hub. Users can access SHAP and LIME explanations, as well as partial de-
pendence plots, to understand the logic behind automated and manual decisions
[8,9,10].

2.4 Model Integrity and Validation

A distinctive feature of Granula is its proactive integrity monitor. The system
continuously analyzes the modeling pipeline to detect potential issues such as
data leakage, class imbalance, or improper feature selection. While the platform
provides alerts and recommendations to ensure correctness, it does not restrict
the user, allowing for free-form experimental modeling and the exploration of
unconventional hypothesis spaces [11].

3 Conclusion

Granula represents a shift towards transparent and collaborative decision mod-
eling. By combining the power of AutoML with the rigorous analytical frame-
work of granular and rule-oriented analysis, and making it accessible through
an AI-mediated interface, the platform serves as a flexible tool for research and
industrial application.
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This paper presents a computational approach to path planning for au-
tonomous flying robots operating in a 3D environment, formulated within the
framework of Rough Mereology. The proposed algorithm generates mereological
potential fields in three-dimensional space, enabling efficient navigation while
mitigating the risk of local minima by incorporating a weighted Euclidean dis-
tance metric. A search strategy is applied to determine an optimal path from
the start position to the target while ensuring obstacle avoidance. The envi-
ronment is dynamically constructed using real-time data from a dual-camera
system. Object detection and environmental mapping are performed using the
OpenCV Python library, which applies shape and color recognition techniques.
The ultimate goal of this study is to advance computational methods for drone
navigation, enhancing their autonomy and adaptability in complex, unstructured
environments.

Keywords: rough mereology, potential fields, three-dimensional environment,
path planning
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Abstract. This work is part of the research recently published as open
access in F. Chacón-Gómez, M. E. Cornejo, and J. Medina. Efficiency
of decision rule sets in fuzzy rough set theory. Fuzzy Sets and Systems,
520:109548, 2025.

Keywords: Fuzzy Rough Set Theory · Decision Rules · Efficiency

Rough Set Theory [5], introduced by Pawlak, provides a solid mathematical
framework for extracting knowledge from multi-valued relational datasets with
uncertainty. Formally, these datasets are modeled as decision tables, which are
composed of a set of objects and a set of attributes, where a special attribute,
called decision attribute, is analyzed in terms of the rest of attributes, known
as condition attributes. This framework was extended to analyze datasets from
the fuzzy perspective [7], giving rise to Fuzzy Rough Set Theory [3,4]. Such
a theoretical advancement has enabled more comprehensive analyses, thereby
facilitating more meaningful knowledge extraction from complex data.

A significant line of research in Rough Set Theory concerns the analysis of
dependencies between condition and decision attributes through decision rules
extracted from a given dataset. In this context, decision algorithms [6] are de-
fined as collections of independent and representative decision rules that preserve
the consistency of the original data. Furthermore, the notion of efficiency was
proposed as a normalized indicator to quantify the quality of classification of the
rules within an algorithm.

This work collects several contributions presented in [1] regarding the ef-
ficiency of fuzzy decision algorithms [2]. Specifically, we present a notion of
efficiency, which extends the classical definition given by Pawlak to the fuzzy
framework and provide normalized values. This last feature allows a clear com-
parision among different decision algorithms associated with the same, or even
different, decision tables.
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Classical rough sets were originally devised for categorical data and are hard
to use in the context of numerical data. Because of this there have been many
generalizations of rough sets. Two notable generalizations in this context are
covering-based rough sets (CBRS) [21] and fuzzy rough sets (FRS) [3]. In our
previous work we used the Mapper algorithm, an algorithm from the field of
topological data analysis, to construct coverings for CBRS [4]. We also studied
the properties of these coverings, especially their granular structure [2].

Using the granular structure of these coverings we introduce the concept
of Mapper-based fuzzy rough sets. These fuzzy rough sets combine the ideas
of CBRS and FRS by exploiting the granular structure of the Mapper-based
coverings and the approximations that are generated using CBRS. They use
both a crisp covering of the input domain and a fuzzy indiscernibility relation,
which allows them to consider both the local and global structure of the data.
When the input covering is a trivial covering, consisting of only one element,
Mapper-based fuzzy rough sets are closely related to classical fuzzy rough sets
which use the T -transitive closure of an indiscernibility relation. Our results
demonstrate that they conform to most of the classical properties of FRS, like
duality and idempotence, but provide more flexibility than classical FRS. We
also demonstrate how, when the right covering is used, these rough set improve
the computational complexity of fuzzy rough set algorithms, which makes them
better suited for large datasets. Because of this combination of properties of
both CBRS and FRS, they have great potential in applications such as feature
selection and fuzzy rule induction. We also compare them to OWA-based fuzzy
rough sets [1], another flexible extension of FRS.
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Diversity Clustering: A Soft Clustering Model
Inspired by Ecological Diversity
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We propose diversity clustering, a novel soft clustering model inspired by
functional diversity measures from ecology. Motivated by the view of species as
overlapping groups defined by functional similarity, the model represents clusters
as normalized fuzzy sets with symmetric, similarity-based memberships while re-
taining a unique focal cluster for each instance. We study different formalizations
of diversity clustering, and characterize it within the landscape of soft clustering
models.

Beyond the theoretical characterization, we study the problem of inducing di-
versity clusterings from data. We introduce a convex optimization formulation,
which enforces the axioms of diversity clustering while balancing data-driven
similarity and cluster granularity. We analyze the resulting optimization prob-
lem and its computational properties, and present gradient-based algorithms,
together with complexity guarantees.

Our contribution provides a bridge between ecological diversity theory and
soft clustering, offering a new framework for modeling overlap, redundancy, and
functional similarity in data.

Keywords: Clustering, soft clustering, ecological diversity measures, convex
clustering
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Uncertainty information processing is an active topic in artificial intelligence
(AI). Rough sets (RSs), as a powerful tool for handling imprecise, incomplete,
and uncertain knowledge, have found extensive applications in AI fields. Over the
past few decades, RSs have played an important role in knowledge representation
and acquisition, owing to their capability of multi-granularity knowledge repre-
sentation and boundary approximation. As for inconsistent samples issues, in
this paper, we propose a novel consistency-aware hybrid neighborhood rough set
model and develop a corresponding feature selection algorithm to achieve multi-
granularity interpretable knowledge modeling. Specifically, an effective sample
selection mechanism is first introduced by integrating data distribution infor-
mation to reduce the influence of noisy samples on approximation modeling.
Subsequently, a consistency-aware hybrid neighborhood rough set model is con-
structed based on a proposed hybrid similarity relation, which jointly captures
both magnitude differences and directional consistency among samples. Further-
more, a feature significance measure based on the consistent dependency degree
is designed for feature evaluation, and a corresponding heuristic feature selec-
tion method is developed. Numerical experiments on multiple public datasets
demonstrate the effectiveness of proposed method compared with several state-
of-the-art methods.

Keywords: Neighborhood rough sets, uncertainty measure, granular comput-
ing, feature selection, rule extraction.
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Towards General Embodied AI: Spatio-Temporal
Visual Reasoning from Egocentric Perspective

Xiaoling Wang
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Embodied AI demands that intelligent agents perceive, understand, and rea-
son about the physical world from egocentric visual observations, which is a core
step toward general embodied intelligence and differs fundamentally from con-
ventional third-person visual understanding tasks. Egocentric visual reasoning
poses unique and intractable challenges, including a constrained field of view, in-
herent visual uncertainty (e.g., occlusion, motion blur), severe cross-domain dis-
tribution shifts, and complex spatio-temporal dependencies in long-horizon con-
text. These inherent properties render existing vision-language models (VLMs)
inadequate to achieve stable scene understanding and reliable real-time reasoning
in practical environments, due to their deficiencies in spatio-temporal representa-
tion, uncertainty handling, and streaming information processing. In this talk, we
present a comprehensive series of research efforts on egocentric spatio-temporal
visual reasoning, addressing the above challenges from both data construction
and methodological innovation perspectives. On the data side, we focus on build-
ing realistic, fine-grained, and task-oriented benchmarks along with scalable data
construction pipelines for real-world embodied scenarios. Specifically, we intro-
duce EgoCross (AAAI 2026), the first benchmark for cross-domain egocentric
video question answering (VQA) that covers diverse domains including surgery,
industry, extreme sports and animal perspectives, and StreamEQA (CVPR 2026
Findings), a pioneering embodied streaming VQA benchmark that decomposes
reasoning tasks into perceptual, interactive and planning levels across backward,
real-time and forward temporal dimensions. On the methodological side, we
propose structured spatio-temporal scene representation frameworks to bridge
the critical capability gaps of VLMs in egocentric perception-reasoning and
2D semantic-3D geometric understanding. We first introduce CLiViS (CVPR
2026), which unleashes cognitive maps via linguistic-visual synergy to model
spatio-temporal correlations between entities explicitly, enabling the fusion of
low-level visual perception and high-level logical reasoning. We then present
HSGM (CVPR 2026), a hierarchical semantic-geometric map that decomposes
3D physical space into three levels: geometric, semantic and decision-making, re-
alizing precise spatial reasoning and action planning for vision-language naviga-
tion. These structured representations establish a principled connection between
local, partial egocentric observations and global task-level reasoning, while sig-
nificantly enhancing the agent’s ability to model long-term contextual informa-
tion, dynamic entity interactions, and physical constraints in complex real-world



environments. Overall, our research constructs a unified technical route of struc-
tured granular representation + uncertainty knowledge processing for egocentric
visual reasoning, and validates the effectiveness of our methods on multiple self-
built and public benchmarks. These works advance the development of more
robust, generalizable and real-time embodied AI systems, and provide valuable
theoretical insights and engineering references for the integration of rough set,
granular computing and egocentric computer vision, laying a solid foundation
for the practical application of embodied AI in smart wearables, service robots,
medical navigation and other core domains.



Tutorial S3:

GrC Techniques on Simple Undirected Graphs

Federico Infusino1[0000−0002−1521−6969]

Department of Mathematics and Computer Sciences, University of Calabria, Via
Ponte Pietro Bucci, Cubo 30B, 87036 Rende (CS), Italy

federico.infusino@unical.it

Extended Abstract

In this tutorial we present a new formal framework for Rough Set Theory (RST)
introduced for the first time in [3, 4], along with various applications to graph
theory recently achieved in [2,5]. By emphasizing intuition, our purpose consists
of explaining the mathematical foundation of several notions and techniques
of RST based on Pawlak’s information tables [8] via examples and potential
applications rather than technical formalism.

The tutorial is organized into two main parts. The first part introduces the
conceptual background needed to understand the proposed approach. Given a
Pawlak’s information table I = (U,Att, V al, F ) we show how to associate with
it different kinds of set systems, set operators and binary set relations on the
attribute set and, at the same time, we interpret various related results obtained
in [3,4,6].

More specifically, via the classical Pawlak’s indiscernibility relation we induce
an equivalence relation on the powerset of Att, that we call indistinguishability
relation. This allows us to group together subsets that generate the same in-
formational content and to study their behavior from both a local and a global
perspective.

We discuss in detail its mathematical properties and their interpretations in
applied contexts. In particular, indistinguishability classes are union-closed and
therefore admit a maximum element, called maximum partitioner, representing
the largest attribute subset inducing a given indiscernibility relation. The fam-
ily MAXP (I) of all maximum partitioners, when ordered by inclusion, forms
a complete lattice, which provides a global representation of the indiscernibil-
ity relations induced by the information table (the so-called granular partition
lattice [3]). We also propose an alternative but essentially equivalent relational
counterpart to the granular partition lattice through the formalization of the
notion of functional dependence from database theory [1].

In addition, we focus our attention also to the collection MINP (I) of the
minimal partitioners of I, i.e. the minimal attribute subsets of each indistin-
guishability class, by stating their main properties and their non-trivial relation-
ship with maximum partitioners.



As can be seen from the above description, the proposed framework natu-
rally supports two complementary levels of analysis. On the one hand, it allows
a micro-granular investigation, focused on local information carried by attribute
subsets; on the other hand, it provides a macro-granular perspective, capturing
the global organization of indiscernibility relations through lattice structures.
The interaction between these two levels plays a central role in understanding
how local information aggregates into global patterns within a Pawlak’s infor-
mation table [4].

The second part of the tutorial is devoted to the application of the afore-
mentioned mathematical setting to graph theory, with the specific purpose of
determining new structural properties of simple undirected graphs. While early
connections between graph theory and GrC were proposed by Stell [9] in the con-
text of qualitative spatial reasoning, our approach (see [2, 5]) exploits RST-based
tools as a systematic methodology for the analysis of structural and combina-
torial properties of graphs. Indeed, every simple graph can be represented by
different matrices, such as adjacence, distance, incidence, or Laplacian matri-
ces. Each of these representations induces a distinct Pawlak’s information table,
leading to non-equivalent granular descriptions of the same graph. We discuss
analogies and differences among these viewpoints, showing how each choice em-
phasizes specific graph-theoretic features.

Accordingly, GrC tools admit a direct translation into meaningful structural
properties of graphs, depending on the selected matrix representation. For in-
stance, when considering the Pawlak’s information table induced by the adja-
cence matrix, the indiscernibility relation captures a local symmetry already
studied by P. Erdös, A. Rényi [7]. When the distance matrix is considered in-
stead, reducts coincide with the resolving sets of the graph and their minimum
cardinality yields its metric dimension [5].

We conclude by presenting several results that explicitly connect graph-
theoretic properties with the combinatorial behavior of maximum and minimal
partitioners and related theoretical open problems, thereby demonstrating the
applicability and flexibility of the proposed granular framework in graph theory
and, more broadly, in its areas of application.

Main Goals of the Tutorial

The main goal of this tutorial is to establish a solid connection between a new
mathematical formalization of RST and graph theory, showing how GrC tools
can be systematically used to describe and analyze structural properties of sim-
ple undirected graphs. Overall, focusing on intuition, examples and applications
rather than technical proofs, the tutorial illustrates how RST-based granular
methods provide a flexible and systematic approach to the study of graphs, of-
fering tools that are applicable not only within graph theory itself, but also in
interdisciplinary contexts where graphs are used to model complex systems, such
as computer science, engineering, robotics and chemistry.



Finally, the tutorial also aims to present some technical challenges to be
addressed in successive research, thereby demonstrating the relevance and the
richness of this new research field.

Relevance of the Tutorial of the RST Community

The tutorial is relevant for the RST community as it contributes, on the one
hand, to the ongoing effort of providing a rigorous and unifying mathemati-
cal foundation for GrC and RST techniques and, on the other hand, to cre-
ate a bridge between RST and combinatorics. The ideas we intend to convey
through our tutorial make it possible to interpret several existing constructions
as instances of common underlying patterns, thereby clarifying their mutual in-
terplay and conceptual scope. From an interpretative viewpoint, the proposed
framework supports the transfer of insights obtained from specific case studies
to more general settings, facilitating the identification of meaningful analogies
across different RST-based models. Moreover, by explicitly connecting local and
global levels of analysis, the tutorial highlights structural aspects that are often
treated separately in the literature. Finally, the interaction with graph theory
opens new perspectives for applying RST tools and suggests novel research di-
rections within and beyond the traditional boundaries of the field.

Keywords: Pawlak’s Information Tables · Granular Partition Lattice · Graphs
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In 2009, Yao introduced three-way decisions (TWD) as a framework for
decision-making under uncertainty [10]. TWD was proposed as a general the-
ory to handle the boundary region encountered in rough set theory, by allowing
rejection in classification problems. This field of study has a large potential to im-
pact the current field of machine learning. Especially in the case of cost-sensitive
classification problems such as medical diagnosis. It has proven itself in many
ways, both theoretically, as well as in practical settings [7]. However, to an out-
sider some of the research on TWD seems to lack either mathematical rigor,
transparent experiments, or relevance to other areas of research. With this talk
we hope to start a conversation on how to mitigate these problems and increase
the global image of three-way decisions, and by extension rough set theory.

Our main interest in TWD lies in three-way classification (TWC), i.e. classi-
fication with a reject option. In order for a problem in TWC to be meaningful,
there has to be a notion of how expensive a rejection is. Without this, a smart
algorithm might just reject every instance that it is not 100% sure of and get a
perfect accuracy rating. In most literature this is done using a cost matrix. How-
ever, in many papers this cost matrix (or any other mechanism that penalizes
rejections), is completely missing [9][6][2]. In others, the authors define their own
cost-matrix on which their algorithm is based [1]. However, in the real world,
the cost matrix is often given by the problem itself.

There is also a growing disconnection between theoretical contributions and
applied papers. Theoretical results are rarely used in practical settings [5][8][4].
In applied papers, experimental sections frequently lack transparency, such as
stating what kind of cross-validation was used, and proper baselines by compar-
ing to other TWC algorithms [9][2][11]. When reached out, researchers rarely
provide their source code, complicating reproducibility. The semantical side of
three-way decisions is also often ignored in applied papers. In addition, many
TWD models only consider the binary case while it is not always trivial to gener-
alize to a multi-class setting, which is important for most real-world applications.
Finally, there are obvious similarities with the long-standing literature on clas-
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sification with a reject option [3]. These similarities are seldom acknowledged,
leading to duplication of ideas under different terminology.

As a way forward, we also propose a return to a Bayesian decision-theoretic
formulation of three-way decisions, using general machine learning techniques
at it’s basis. Here we use a decision theoretic framework that does not rely on
thresholds, together with a ML algorithm that generates probabilities for each
class. This framework provides a simple, rigorous, and practically usable foun-
dation that naturally generalizes to the multi-class case and directly connects
TWD to established work in statistical decision theory and machine learning.
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Abstract. A disjoint trisection consists of pairwise disjoint positive,
boundary, and negative region, which is a fundamental notion in three-
way classification. The boundary region may have different semantics,
depending on how a trisection is formed and interpreted under different
types of uncertainty. In this paper, we investigate three representative
models, namely, interval sets, rough sets, and fuzzy sets, with a focus on
how boundary regions are interpreted in each model. For interval sets,
the boundary region consists of objects whose membership states are un-
known due to incomplete information or knowledge. For rough sets, the
boundary region consists of objects whose membership states cannot be
decided based on other description using a description logic language. For
fuzzy sets, the boundary region consists of objects having partial mem-
bership. A clear understanding of the different semantics of the boundary
region under different types of uncertainty ensures meaningful uses and
avoids misuses of various theories of uncertainty. By following the same
discussion, one can study other types of uncertainty.

Keywords: Interval set · Rough set · Fuzzy set · Three-way decision · Three-
way classification
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Granular rough sets approximate a target concept using granules rather than
individual objects. Three-way decision based on granular rough sets follows this
idea by constructing granular positive, boundary, and negative regions. How-
ever, when deriving three-way decision rules from these regions, existing studies
typically rely on qualitative relationships between a test object and the granules
within a region, resulting in a binary yes/no mechanism. Although this strict
condition ensures high precision, its inflexibility tends to favor the boundary
region under uncertainty, which may lead to low coverage or recall. To address
this issue, this paper quantifies the relationship between objects and granules and
accordingly constructs ensemble three-way decision rules. Specifically, we intro-
duce a quantitative satisfaction degree and an object–granule similarity measure
to characterize these relationships. The resulting quantities are then aggregated
across all granules within each region to generate ensemble three-way decision
rules, enabling the identification of more reasonable positive instances.

Keywords: Rough sets, Three-way decision, Granular rough sets, Granular
computing
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Learning from imbalanced data remains a persistent challenge in machine
learning, as standard classifiers tend to favor the majority class and may over-
look minority-class patterns of primary interest. Existing solutions often rely on
resampling or algorithmic modifications that alter the original data distribution
or increase model complexity. Based on three-way Bayesian confirmation, this
paper proposes conceptual models for imbalanced classification that preserve
the original data while providing interpretable decision support. The proposed
approach integrates the output of a standard binary classifier with confirmation-
based reasoning derived from three-way Bayesian confirmation theory. Through
different integration mechanisms, we develop conceptual models for strong and
weak three-way classifiers. The strong model requires simultaneous confirmation
of the predicted class and disconfirmation of the alternative class, whereas the
weak model imposes milder confirmation constraints to improve coverage. Both
models produce one of three outcomes: majority decision, minority decision, or
non-commitment. Future work will focus on empirical evaluation and practical
implementation of the proposed framework.

Keywords: three-way decision, Bayesian confirmation, imbalanced classifica-
tion, three-way classifier
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Three-way conflict analysis: Feasible strategies
based on fuzzy rough sets and regret theory
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In three-way conflict analysis, conflict function is crucial to compute the
conflict degree between two agents. Existing studies predominantly construct
conflict functions directly from ratings, typically relying on distance metrics.
However, such traditional methods frequently fail to account for the complex,
non-linear, and local granular features of conflict. In this paper, we first construct
a conflict function using fuzzy rough approximation operators. Subsequently, a
three-way conflict analysis model is established based on fuzzy rough approxi-
mations and regret theory to trisect agent pairs. Finally, feasible strategies are
devised by balancing conflict degrees and adjustment costs, and the effectiveness
of the proposed model is illustrated and validated through a case study.

Keywords: Three-way conflict analysis · Fuzzy rough set · Three-way decision
· Conflict function.
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Traditional situation tables often rely on single-scale representations of agent
attitudes, which fail to adequately capture their granularity and intensity. In
this paper, we propose a hierarchical refinement of agent attitudes for each issue
and construct a multi-scale situation table, transitioning from a coarse three-
way categorization including support, neutrality, and opposition to finer-grained
representations. Subsequently, a comprehensive conflict function is developed to
quantify the degree of disagreement between agents and to partition the set of
agent pairs into alliance, neutrality, and conflict relations. Finally, the feasibility
and effectiveness of the proposed approach are demonstrated through a case
study on the Middle East conflict.

Keywords: Conflict Analysis · Multi-Scale Situation Table · Three-way Deci-
sions.
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Knowing What We Don’t Know: Rough Set
Approximation in Seven-valued Logic

Salvatore Greco

Department of Economics and Business, University of Catania, Italy

Knowing what we do not know is a central issue in reasoning under uncer-
tainty. In this talk, we propose an extension of the classical rough set approx-
imation that explicitly allows for the possibility that elements of the universe,
besides being assigned or not assigned to a target class, may also be classified as
unknown when no definite assignment can be made. This perspective makes it
possible to distinguish between vagueness, arising from intrinsic indeterminacy in
class membership, and ambiguity, resulting from the coarseness of indiscernibil-
ity classes that contain objects both belonging and not belonging to the target
class. Within this framework, a general seven-valued logic naturally emerges,
yielding a more refined representation of knowledge states. Interestingly, this
logic corresponds to a reasoning system developed by Jaina philosophers as early
as the 4th century BC. We show that rough set theory, originally introduced by
Zdzisław Pawlak, can be consistently extended in this setting, and that the pro-
posed model generalizes Nuel Belnap’s four-valued logic. Finally, we provide an
algebraic foundation for this framework in the form of a Pawlak-Brouwer-Zadeh
lattice.



Book of Abstracts IJCRS 2026 127

Game-Theoretic Shadowed Sets Based on
Justifiable Granularity

Chenqi Li and JingTao Yao

University of Regina, Regina S4S 0A2, Canada
clg185@uregina.ca, jingtao.yao@uregina.ca
https://www2.cs.uregina.ca/$\sim$jtyao

Abstract. Shadowed sets provide an effective means of representing un-
certainty by partitioning data into core, shadowed, and excluded regions
through a pair of thresholds. A fundamental problem in their construc-
tion is the determination of these thresholds. In this work, we address
this problem using Pedrycz’s Principle of Justifiable Granularity, which
offers a principled criterion for shadowed-set construction by balancing
two essential requirements: experimental justification and specificity. The
former favors thresholds that cover as much evidence from the data as
possible, whereas the latter favors thresholds that yield compact and in-
terpretable regions. Since these requirements are inherently conflicting,
determining suitable thresholds becomes a problem of balancing com-
peting objectives. To model this balance, we formulate the construction
of shadowed sets as a two-player non-cooperative game in which justi-
fication and specificity are treated as competing objectives. The Nash
equilibrium yields a stable threshold configuration at which neither ob-
jective can be improved without weakening the other. This results in a
new game-theoretic shadowed set model whose thresholds are learned
directly from data. The proposed approach provides a principled and
data-driven method for constructing shadowed sets, with potential appli-
cations in uncertainty-aware decision-making tasks such as classification
and clustering.

Shadowed sets constitute one of the formal frameworks for representing infor-
mation granules [7]. Let

D = {o1, o2, . . . , on} ⊆ U

be a dataset defined on the universe U . To construct a shadowed set from D,
we work directly with the numerical descriptions of the data rather than with
precomputed membership values. We assume that the concept of interest can
be represented by a reference point R, such as a centroid or prototype, and
characterize the shadowed set by two distance thresholds 0 ≤ α ≤ β. Each
object o ∈ D is assigned to one of three regions according to its distance from R:

https://www2.cs.uregina.ca/$\sim $jtyao


Cα,β = { o ∈ D : ‖o−R‖ ≤ α }, (1a)
Hα,β = { o ∈ D : α < ‖o−R‖ < β }, (1b)
Eα,β = { o ∈ D : ‖o−R‖ ≥ β }, (1c)

where Cα,β , Hα,β , and Eα,β denote the core region, shadowed region, and exclu-
sion region, respectively. The resulting shadowed set assigns full membership to
objects in the core region, zero membership to objects in the exclusion region,
and indeterminate membership to objects in the shadowed region. When a nu-
merical value is required, objects in the shadowed region are often assigned the
surrogate membership value 0.5, reflecting maximal uncertainty.

According to the principle of justifiable granularity, a meaningful information
granule should satisfy two competing requirements. First, it should be supported
by sufficient empirical evidence, that is, it should cover as much relevant data
as possible. Second, it should remain specific, namely compact and semanti-
cally coherent [7]. In the present setting, these two requirements are inherently
antagonistic: enlarging the granule increases data coverage, whereas improving
specificity favors a tighter concentration around the representative point R.

To quantify these two criteria, let

dmax = max
o∈D
‖o−R‖

denote the maximum distance from R to any object in the dataset. We define
the experimental justification of a shadowed set s as

J(s) = |Cα,β |+ λ
∑

o∈Hα,β

(
1− ‖o−R‖

dmax

)
, (2)

where λ ∈ [0, 1] is a discount factor. This definition gives full credit to objects
in the core region and discounted credit to objects in the shadowed region, with
larger weights assigned to shadowed objects that lie closer to R. Objects in the
exclusion region do not contribute to the justification of the granule.

To characterize specificity, we first define a dispersion measure:

M(s) = max
o∈Cα,β

‖o−R‖+ λ
∑

o∈Hα,β

(
1− ‖o−R‖

dmax

)
‖o−R‖. (3)

The first term captures the radius of the core region, while the second term
incorporates the contribution of the shadowed region in a discounted manner.
Since higher specificity corresponds to lower dispersion, we define the specificity
payoff as

S(s) = −M(s). (4)

The game-theoretic framework has shown strong potential for resolving con-
flicting objectives in models such as game-theoretic rough sets [1,2,3], game-
theoretic shadowed sets [8], and game-theoretic soft sets [4,5,6]. Following this



Table 1. Payoff matrix of the game. Each entry reports the resulting averaged thresh-
olds (α, β) and the corresponding payoff pair (J, S).

Optimizing S(s)
B1 = (1.0, 2.0) B2 = (2.0, 3.0) B3 = (3.0, 4.0)

Optimizing J(s)
A1 = (2.0, 4.0)

(1.5, 3.0)

(2.110,−3.679)
(2.0, 3.5)

(3.010,−4.979)
(2.5, 4.0)

(3.010,−4.979)

A2 = (4.0, 6.0)
(2.5, 4.0)

(3.010,−4.979)
(3.0, 4.5)

(4.390,−4.599)
(3.5, 5.0)

(4.390,−4.599)

A3 = (6.0, 8.0)
(3.5, 5.0)

(4.390,−4.599)
(4.0, 5.5)

(4.690,−6.099)
(4.5, 6.0)

(5.300,−5.600)

line of research, we formulate the construction of shadowed sets under the prin-
ciple of justifiable granularity as a two-player non-cooperative game between
two competing objectives: the first player seeks to maximize experimental justi-
fication J(s), while the second seeks to maximize specificity S(s). The conflict
between these objectives reflects the fundamental trade-off underlying justifiable
granularity. A Nash equilibrium yields a stable pair of thresholds (α, β) such that
neither objective can be further improved without degrading the other.

This formulation is particularly natural in clustering, where the reference
point R is identified with the cluster prototype. In such settings, the resulting
game-theoretic shadowed set provides a data-driven mechanism for determining
the thresholds that define the core, shadowed, and exclusion regions.

Demonstrative Example: A Game-Theoretic Shadowed Set

Consider the dataset D = {o1, o2, . . . , o8}, where

o1 = (1, 0), o2 = (0, 2), o3 = (2.1, 2), o4 = (3, 0),

o5 = (0, 4.1), o6 = (3, 4), o7 = (6, 0), o8 = (0, 8).

Let the reference point R = (0, 0), λ = 0.8, and let α < β denote the inner and
outer thresholds, respectively. The core, shadowed, and exclusion regions are
defined by Formula (1), while the justification and specificity payoffs are given
by Formula (2) and Formula (3)-(4).

Players and strategies. Player P1, who emphasizes justification, chooses

A1 = (2.0, 4.0), A2 = (4.0, 6.0), A3 = (6.0, 8.0),

whereas player P2, who emphasizes specificity, chooses

B1 = (1.0, 2.0), B2 = (2.0, 3.0), B3 = (3.0, 4.0).

If P1 selects Ai = (αi, βi) and P2 selects Bj = (αj , βj), then the resulting
thresholds are

α =
αi + αj

2
, β =

βi + βj
2

.



For example, under (A3, B1), we obtain (α, β) = (3.5, 5.0), so that

C3.5,5.0 = {o1, o2, o3, o4}, H3.5,5.0 = {o5}, E3.5,5.0 = {o6, o7, o8},

with payoff pair (J, S) = (4.390,−4.599).
Payoff matrix. Evaluating all strategy profiles yields the payoff matrix

shown in Table 1. The matrix summarizes, for each pair of strategies chosen
by the two players, the resulting averaged thresholds (α, β) together with the
corresponding payoff pair (J, S).

By analyzing the payoff matrix, we find that the unique pure-strategy Nash
equilibrium is (A3, B1), which yields the threshold pair (α∗, β∗) = (3.5, 5.0) and
the payoff pair (J∗, S∗) = (4.390,−4.599). At this equilibrium, each player’s
chosen strategy is a best response to the strategy selected by the other player,
and neither player can improve its own payoff through unilateral deviation.

This equilibrium reflects a stable compromise between the two competing
objectives. Player P1 prefers larger thresholds in order to include more data evi-
dence and thus improve justification, whereas player P2 prefers tighter thresholds
in order to reduce dispersion and thereby improve specificity. Consequently, the
equilibrium captures the essential trade-off between evidence accumulation and
compactness in the construction of shadowed sets.

The proposed game-theoretic shadowed set model, whose thresholds are learned
directly from data, provides a principled and data-driven approach to construct-
ing shadowed sets for uncertainty-aware tasks such as classification and cluster-
ing.
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1 Introduction

The semantic interoperability of medical knowledge relies heavily on massive
knowledge graph architectures, where SNOMED CT [3] represents the primary
ontological framework for medical knowledge. A core challenge is representation
learning, projecting discrete symbolic graphs into continuous low-dimensional
spaces while preserving structural isometry [4]. Mainstream models rely on a
Euclidean topology (Rn), leading to the crowding problem where structural dis-
tances collapse due to the polynomial growth of available volume[1] [2]. While
medical ontologies expand exponentially with taxonomic depth, Euclidean vol-
ume scales only polynomially (V ∝ rn). This disparity forces models to collapse
distant nodes, degrading hierarchical reasoning. Differential geometry offers al-
ternatives through Riemannian manifolds with constant curvature (κ). In hyper-
bolic space with constant κ < 0 (e.g. Poincaré Ball Bn), volume grows exponen-
tially with radius (V (r) ∝ sinhn−1(

√
−κ r) ∼ e(n−1)

√
−κ r for large r),providing

a natural structural fit for the exponential expansion of nodes in medical tax-
onomies. While hyperbolic geometry is ideal for tree-like structures, spherical
geometry (κ > 0) facilitates modeling the poly-hierarchies and cyclic dependen-
cies often present in complex clinical knowledge graphs [5].

This work contributes with a comprehensive comparative analysis between
Riemannian manifolds applied to a representative medical hierarchical archi-
tecture of SNOMED CT. The study evaluates these geometric architectures
through representation and generalization tasks, specifically examining the im-
pact of latent space dimensionality on performance for each geometry. Our find-
ings demonstrate that the transition toward negative curvature spaces is not
merely an incremental improvement, but a geometric realignment essential for
minimizing metric distortion between the symbolic medical graph and its con-
tinuous Riemannian embedding, thereby preserving hierarchical distances and
neighborhood relationships in the latent manifold.

2 Methodology

We extracted parent-child relations from SNOMED CT (UMLS[3]), resulting in a
graph of 447,648 nodes and 1,211,975 edges. We used a 95/5 split for training and



link prediction. Concepts were projected into 50-dimensional spaces identified as
optimal by the sensitivity analysis detailed below:

1. Euclidean Space (Rd): Baseline (κ = 0). The distance between a parent
node (u) and its descendant (v) is measured by the L2 norm.

2. Hyperbolic Manifold (Bd): Represented by the Poincaré Ball model with
constant negative curvature (κ = −1 < 0).The geodesic distance is defined
as: dB(u, v) = arcosh

(
1 + 2 ‖u−v‖2

(1−‖u‖2)(1−‖v‖2)

)
.

3. Spherical Manifold (Sd): Defined on the surface of a hypersphere with
constant positive curvature (κ = 1 > 0) The geodesic distance is measured
by the angle between vectors: dS(u, v) = arccos(〈u, v〉).

We optimized a max-margin contrastive loss using 50 negative samples per
positive edge: L =

∑
(u,v+)∈E

∑50
i=1, v−i ∈N (u) max

(
0, γ + dM(u, v+)− dM(u, v−i )

)
where E is the set of positive edges, N (u) the negative sample for u, and γ the
margin hyperparameter. We applied Riemannian Adam (η = 0.05), performing
manifold-aware updates via Möbius addition for Bd and spherical rotations for
Sd through tangent space retractions.

The experiment evaluates representational capacity through structural neigh-
borhood reconstruction (train set) and generalization via unseen link prediction
(test set). Performance is quantified using Mean Reciprocal Rank (MRR) and
filtered Hit@k metrics to assess the ranking of ground-truth concepts against
thousands of negative candidates.

3 Results and Discussion

The experiments conducted on the SNOMED CT hierarchical graph reveal a
critical performance divergence dictated by the curvature of the latent space.
These results demonstrate that the choice of manifold is not merely a techni-
cal detail but a fundamental determinant of the model’s ability to capture the
underlying logic of medical knowledge. Our findings are analyzed across two pri-
mary dimensions as the representation capacity of the known topology and the
inference of unseen clinical relations.

In the task of ontological representation across diverse geometric latent spaces,
the hyperbolic manifold exhibited near absolute superiority over its counterparts.
Achieving a Mean Reciprocal Rank (or MRR) of 0.32 and a Hit@100 of 99.9%,
this geometry confirms its status as the natural environment for medical tax-
onomies. The exponential expansion of volume inherent to the Poincaré metric
allows for a seamless accommodation of concept branching, effectively eliminat-
ing the overlap that plagues flat models. In contrast, the Euclidean baseline
suffered from a significant performance deficit, yielding an MRR of only 0.15.
This disparity is a direct consequence of the crowding phenomenon, where the
polynomial growth of the euclidean volume fails to provide sufficient room for
the massive hierarchy of SNOMED CT.

Evaluation on the test set revealed a general reduction in metrics, which is
expected when modeling clinical ontologies given the sparse nature of medical



Table 1. Comparative performance metrics for training set reconstruction across geo-
metric manifolds.

Manifold MRR Hit@10 Hit@100
Euclidean (Rn) 0.15 43.3% 91.3%
Spherical (Sn) 0.23 67.1% 98.0%
Hyperbolic (Bn) 0.32 81.6% 99.9%

link prediction. Crucially, these results characterize generalization strictly within
the topological constraints of the SNOMED CT graph, as the learning process
is intentionally limited to the internal relational logic of this specific ontology.
However, the hierarchy of geometric efficacy remained largely consistent. The
hyperbolic space maintained its leadership in precision with an MRR of 0.0966,
more than doubling the performance of the Euclidean model. Sensitivity analysis
revealed that 16-dimensional hyperbolic embeddings surpass the generalization
of 128-dimensional Euclidean models (Test MRR 0.0461 vs. 0.0412). This estab-
lishes that topological alignment is a more decisive determinant of capacity than
dimensionality scaling. Furthermore, hyperbolic geometry enabled the sponta-
neous semantic clustering of clinical categories, providing empirical evidence that
UMLS architecture aligns naturally with negative-curvature manifolds.

Fig. 1. Topological sensitivity and structural precision on the training split as a func-
tion of embedding dimensionality (over logarithmic scale). Results demonstrate the
strong inductive bias of Hyperbolic (red) and Spherical (green) manifolds for modeling
complex medical ontologies like SNOMED-CT compared to standard Euclidean spaces
(blue). Note the rapid saturation of MRR performance for non-Euclidean geometries
starting at d = 50.

4 Conclusions

The structural alignment between latent space curvature and data topology is
critical for biomedical representation. The hyperbolic manifold acts as an iso-



Fig. 2. Curved manifold projections induce the latent semantic clustering of clinical
categories, revealing that UMLS topology intrinsically aligns with non-Euclidean spaces
while mitigating Euclidean structural crowding. As flat embeddings severely compress
complex taxonomic volumes, Riemannian manifolds remain essential for the precise
representation of medical ontologies.

metric landing for medical taxonomies, mitigating the distortion of flat archi-
tectures. These non-Euclidean embeddings provide a foundation for downstream
BioNLP tasks, hyperbolic priors offer richer grounding for Named Entity Recog-
nition and more robust disambiguation in Entity Linking by encoding taxonomic
depth directly within the vector space.
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1 Extended abstract

In practice, usual distance functions compare two binary vectors (patterns) by fo-
cusing on point-wise difference between them [5]. The simplest example is Ham-
ming distance (dH) which exactly counts the number of disagreement points.
However, often two vectors having a very little point-wise disagreement, may
possess quite different patterns. For instance, considering u = 〈0, 1, 0, 1, 0〉 one
can notice that both the vectors 〈0, 0, 0, 1, 0〉 and 〈0, 1, 1, 1, 0〉 are at Hamming
distance 1 as dH(u, 〈0, 0, 0, 1, 0〉) = dH(u, 〈0, 1, 1, 1, 0〉) = 1. But clearly pattern-
wise u is much different from both of them as u shows a pattern with alter-
native appearance of 0’s and 1’s whereas most prominent patterns in the other
two vectors are respectively three consecutive 0’s (at the beginning) and three
consecutive 1’s (in the middle). In one of our recent papers [2] this issue has been
explained in more detail indicating how standard distance functions like cosine
similarity, Jaccard distance etc fail to justify why two vectors are supposed to
be closed despite of possessing visibly different sub-patterns. Contrary to the
existing methods of measuring similarity, our proposal relies on looking along
the length of the vectors to compare their sub-patterns.

In this regard, different notions of pattern change [2] are introduced by com-
paring block-wise disagreements between two vectors where a block connects
two consecutive points along the length of a vector. Considering different as-
pects of block distance different types of pattern difference, such as scattered
pattern difference, systematic pattern difference (of three types) are introduced.
For each kind of pattern difference, respective notion of length of pattern differ-
ence is defined. However, as the notions of distance and length have some subtle
differences, in general, the length of pattern difference does not satisfy triangle
inequality. In this context, using rough set theoretic tools [4] we propose some
analysis to determine closeness of two vectors based on both Hamming distance
and particular forms of pattern difference. Formal idea is as follows.

Definition 1. Given a binary vector u = 〈x1, x2, . . . , xn〉 the set of blocks, de-
noted by BL, is defined as BL = {Si : Si = {i, i+ 1}, 1 ≤ i ≤ n− 1}.

If two vectors u = 〈x1, x2, . . . , xn〉 and v = 〈y1, y2, . . . , yn〉 have disagreements
only at the endpoints (i = 1 or i = n), then it would hardly render any pattern



change (see Proposition 1). So, we prefer to analyze the end points and the
middle points of a vector separately in order to define pattern change between
two vectors. Two kinds of block positions are defined based on the notion of BL.

Definition 2. For any n-dimensional vector we define the block positions BP =
BPE ∪BPM where BPM = {Si : 2 ≤ i ≤ n−2} and BPE = {SL1 , SRn−1}, where
SLi is the left point of Si and SRi is the right point of Si for 1 ≤ i ≤ n.

Now based on each block in BP we define a block-wise distance between two
vectors.

Definition 3. (i) Given vectors u and v, we define dSB(u,v) = dH(u|S ,v|S),
where S is a block in BP , and u|S represents the vector truncated from u elim-
inating all positions except that of S.
(ii) The block distance between the vectors is defined as dB(u,v) =

∑
{dSB(u,v) :

S ∈ BP}.

Proposition 1. For two vectors u,v,

dB(u,v) = 2dH(u,v)−
∑

S∈{S1,Sn−1}

dSB(u,v).

Proposition 1 clarifies that if the disagreements are only at the end blocks, then
dH(u,v) = dB(u,v).

Observation 1 For any two binary vectors u,v, dH(u,v) ≤ dB(u,v) ≤ 2 ·
dH(u,v). This gives three possibilities. (1) dH(u,v) < dB(u,v) < 2 ·dH(u,v) if
there are disagreement both in the end blocks and middle blocks. (2) dB(u,v) =
dH(u,v) if there are only disagreements in the end blocks. (3) dB(u,v) =
2dH(u,v) when the disagreements points are only in the middle blocks.

Definition 4. If dB(u,v) = dH(u,v) ( 6= 0) and only dS1

B (u,v) 6= 0 or dSn−1

B (u,v)
6= 0, we call (u,v) has Scattered Noise (SN), and denote by (u,v) ∈ SN .

Clearly, if (u,v) ∈ SN , at least one of the end blocks of u and v disagrees. That
means exactly dSiB (u,v) = 0 where 3 ≤ i ≤ n − 3. Let us first introduce a few
more terminologies.

Definition 5. The set of all pattern differences of two vectors u and v is de-
fined as
PD(u,v) = {S ∈ BPM : ∃S′ ∈ BPM , S′ 6= S, S′ ∩ S 6= ∅, dSB(u,v) 6=
0, dS

′

B (u,v) 6= 0}.

As mentioned before, for the notion of pattern difference we focus on the
middle blocks of two vectors. Intuitively, the number of consecutive blocks be-
longing to PD(u,v) plays an important role to identify different intensities of
pattern differences. This leads us to the useful notions of consecutive blocks and
chain of blocks, defined below.



Definition 6. For any block S ∈ BPM the consecutive block(s) of S is defined
as ConsB(S) = {S′ ∈ BPM : S ∩ S′ 6= ∅, S 6= S′}.

Definition 7. A chain of blocks for u,v is a tuple of blocks (Si1, Si2, . . . , Sim)
where for any ik ∈ {i1, . . . , im}, Sik ∈ PD(u,v) and ik ∈ [l, l+m] ∩N, 1 < l <
l+m < n. The set of all such tuples (or chains of blocks) constitutes CB(u,v),
the set of chains of blocks in PD(u,v).

Example 1. Let u, v be two vectors of dimension of 15 and PD(u,v) = {S3, S4,
S5, S6, S8, S9, S10}. So, CB(u,v) = {(S3, S4, S5, S6), (S8, S9, S10)}. For conve-
nience of presentation we may number each chain of block of CB(u,v) as
CB1(u,v) = (S3, S4, S5, S6), CB2(u,v) = (S8, S9, S10).

Below different forms of pattern difference and respectively length of pattern
difference are defined.

Definition 8. Two vectors u and v possess scattered pattern difference, denoted
as (u,v) ∈ SCPD, if for any S ∈ PD(u,v), |PD(u,v) ∩ ConsB(S)| = 1. The
length of the scattered pattern difference is given by

dScPD(u,v) =

 ∑
(Si,Sj)∈CB(u,v)

|Si ∪ Sj |

− r
where r is number of chains of blocks in CB(u,v).

Definition 9. Two vectors u,v possess systematic pattern difference, denoted
by (u,v) ∈ SysPD, if for some S ∈ PD(u,v), |PD(u,v) ∩ ConsB(S)| = 2.
The length of systematic pattern difference in (u,v) is given by dSysPD(u,v) =(∑

Si,Sj∈PD(u,v),Si∩Sj 6=∅ |Si ∪ Sj |
)
−
(∑

Si,Sj ,Sk∈PD(u,v),Si∩Sj 6=∅,Sj∩Sk 6=∅ 2
)
.

Observation 2 (i) If (u,v) ∈ ScPD, |PD(u,v)| ≥ 2. (ii) If (u,v) ∈ SysPD,
|PD(u,v)| ≥ 3.

For (u,v) ∈ SysPD, any chain of blocks belonging to CB(u,v) the length
of the chain blocks is directly related to the number of blocks in that chain
having 2 consecutive neighbors. If Si−1, Si, Si+1 ∈ PD(u,v), then only for Si,
|PD(u,v) ∩ ConsB(Si)| = 2, and this is the minimum case for systematic pat-
tern difference. If Si−1, Si, Si+1, Si+2 ∈ PD(u,v), then both Si, Si+1 have 2
consecutive blocks in PD(u,v). Based on whether (Sk−1, Sk, Sk+1) ∈ CB(u,v)
or (Sk−1, Sk, Sk+1, Sk+2) ∈ CB(u,v) (or (Sk−2, Sk−1, Sk, Sk+1) ∈ CB(u,v))
there are three types of systematic pattern difference.

Definition 10. For (u,v) ∈ SysPD there are three types of pattern difference
formed by a chain of consecutive blocks in an interval of the form [k− 2, k+ 2] .
(i) If Sk−1, Sk, Sk+1 ∈ PD(u,v) and in [k − 2, k + 2] only for Sk, |PD(u,v) ∩
ConsB(Sk)| = 2, then only points of difference are xk 6= yk and xk+1 6= yk+1.
We call it systematic pattern difference of Type A.



(ii) If Sk−1, Sk, Sk+1, Sk+2 ∈ PD(u,v) and in [k − 2, k + 2] only for Sk and
Sk+1, the condition |PD(u,v) ∩ ConsB(Sk)| = |PD(u,v) ∩ ConsB(Sk+1)| = 2
holds, then there are two possible systematic pattern difference of type B.
(B1) If in [k−2, k+2] only points of disagreement are xk 6= yk and xk+2 6= yk+2

we call it systematic pattern difference of type B1.
(B2) If in [k − 2, k + 2] only points of disagreement are xk 6= yk, xk+1 6= yk+1

and xk+2 6= yk+2, then we call it systematic pattern difference of type B2.

Disagreement point

Agreement point

Block position

𝑢

𝑣

1 2 3 4 5 6 7 8

𝑆2 𝑆3 𝑆4 𝑆5

𝑢

𝑣

1 2 3 4 5 6 7 8

𝑆3 𝑆4 𝑆5

𝑢

𝑣

1 2 3 4 5 6 7 8

𝑆2 𝑆3 𝑆4 𝑆5

Fig. 1. Systematic Pattern Differences. From the left, (u,v) ∈ SysPD
A , (u,v) ∈ SysPD

B1

and (u,v) ∈ SysPD
B2

Our aim is to determine the closeness of two vectors based on both point-
wise disagreement as well as their sub-pattern differences. However, designing a
single decision function combining the notions of point-wise disagreement and
length of pattern difference seems to be challenging as the latter does not satisfy
triangle inequality [2]. So, we base on rough set theoretic tools [3,4] to determine
how the parameters like scattered pattern difference and three different kinds of
systematic pattern difference may have impact on determining closeness of two
vectors. One can notice that the minimum length of scattered pattern difference
is 2, and that of systematic pattern difference of type A is 4; while for both
types B1 and B2 the minimum length is 5. Thus, we have four basic scales of
length 2, length 4 and length 5 (type B1 and type B2). Based on these scales,
we first introduce a method for scanning different forms of pattern differences
involved in a pair of vectors (u,v). Applying this method one can determine from
left to right number of different forms of pattern difference and their respective
intervals. This, in turn, generates a decision system [3] of the following form
where values at each entry for the columns 3-6 represent respective number of
pattern differences for the concerned pair of vectors, and dH , dPD represent
respectively the Hamming distance and the length of pattern difference.



dim.=n ScPD = p1 Sys
PD
A = p2 Sys

PD
B1

= p3 Sys
PD
B2

= p4 dH dPD close

(u1,v1) 10 1 0 0 0 1 2 Yes
(u2,v2) 10 2 0 0 0 2 4 No
(u3,v3) 10 0 1 0 0 2 4 No
(u4,v4) 10 0 2 0 0 4 7 No
(u5,v5) 10 0 2 0 0 4 8 No
(u6,v6) 10 0 0 1 0 2 5 No

...
...

...
...

...
...

...
...

...
(ui,vi) 21 1 1 0 0 4 6 Yes

(ui+1,vi+1) 21 0 2 0 0 4 7 Yes
(ui+2,vi+2) 21 0 2 0 0 4 8 No

Let us assume that a pair of vectors (u,v) are close ifmax(dH(u,v), dPD(u,v))
≤ n

3 . This generates an exemplary decision system as given above. Clearly based
on the dimension of the vectors different forms of pattern difference deem to play
roles in determining closeness of two vectors. For instance, for the pairs of vectors
of dimension less or equal to 12, the vectors are close when they involve only
one type of pattern difference; whereas for pairs of vectors of dimension 21 there
can be more than one type of pattern difference (e.g., (ui,vi)) together yielding
the decision ‘Yes’. So, based on dimension of the vectors there can be different
subsets of attributes which become useful in determining closeness of two vec-
tors. If we see the cases for n = 10, no proper subset of {p1, p2, p3, p4} can be a
decision reduct [3]. However, contrary to {dH}, the column for {dPD} alone can
efficiently distinguish the decision classes ‘Yes’ and ‘No’. From the table we see
both (u4,v4) and (u5,v5) have the same descriptions 〈0, 2, 0, 0, 4〉 with respect
to {p1, p2, p3, p4, dH}; but they have different values for dPD. Our investigation
reveals that such scenarios can be observed in presence of some specific kinds of
pattern difference for any n. In particular, for n = 21, having exactly the same
description 〈0, 2, 0, 0, 4〉 with respect to {p1, p2, p3, p4, dH} and dPD leads to two
different decisions for (ui+1,vi+1) and (ui+2,vi+2). Thus, in order to define
closeness of two vectors dPD seems to play a distinctive role. Secondly, as there
may exist pairs of vectors with the same description for {p1, p2, p3, p4, dH} but
possessing different decisions, closeness of two vectors may not be captured only
by the condition max(dH(u,v), dPD(u,v)) ≤ n

3 . In this context, lower/upper
approximation operators are expected to play role to define different notions
of associative memory [1] for a given vector based on different perspectives of
closeness of two vectors. The presentation aims to explore how rough set theo-
retic tools [4] may become useful in analyzing and integrating different forms of
pattern difference in order to determine how close a pair of vectors are.
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This paper presents a supervised approach for outlier identification based on
the Fuzzy Object Selection (FOS) algorithm. The method operates on numerical
data by identifying relevant value ranges through discretization, fuzzification,
and feature selection. In contrast to traditional approaches focusing solely on
point-based representations, the proposed method analyzes the importance of
value intervals and their contribution to object relevance. A key aspect of the
approach is the introduction of the thresholdFOS parameter, which controls the
degree of object reduction. Rather than treating this parameter as a standard
optimization variable, the study investigates its impact on the trade-off between
classification quality and the number of retained objects. The effectiveness of the
method is evaluated on five real-world datasets and compared with several estab-
lished outlier detection techniques. The results show that the proposed approach
achieves competitive or superior performance while maintaining a stable selec-
tion of relevant objects without excessive data reduction. The conducted analysis
demonstrates that the method provides a flexible and interpretable framework
for outlier identification, particularly in datasets with continuous attributes.

Keywords: supervised outlier detection · fuzzy object selection · classification
accuracy.
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Abstract. Determining attribute importance in high-dimensional and
noisy datasets requires a framework that can handle both objective data
inconsistency and subjective preference vagueness. This study proposes
an integrated approach based on the Rough-Fuzzy Attribute Ranking
(RAFAR) method. By constructing Interval-Valued Fuzzy Preference Re-
lations (IV-FPR) from rough set approximations and transforming them
into Interval-Valued Pairwise Comparison Matrices (IV-PCM), we gen-
eralize the Analytic Hierarchy Process (AHP) through fuzzy eigenvector
analysis.

Keywords: RAFAR · Rough Sets · IV-FPR · AHP · Eigenvector Method.

1 Introduction

In the realm of Multi-Criteria Decision Making (MCDM), the extraction of re-
liable attribute rankings from complex, noisy, and often inconsistent datasets
remains a formidable challenge. Traditional methods, most notably the Analytic
Hierarchy Process (AHP), rely heavily on crisp pairwise comparison matrices
which frequently fail to accommodate the inherent vagueness of human cogni-
tion or the "roughness" found in objective data distributions. This study ad-
dresses these limitations by proposing a mathematically robust framework that
serves as a natural generalization of the AHP, integrating the Rough-Fuzzy At-
tribute Ranking (RAFAR) methodology as developed by Vo and Nguyen (2024)
[1] with the computational power of Interval-Valued Fuzzy Preference Relations
(IV-FPR).

The proposed approach begins by analyzing decision systems through the
lens of Rough Set Theory to identify lower and upper approximations of at-
tribute comparison. These approximations provide an objective boundary for
uncertainty by capturing the indiscernibility between decision classes. From these
rough boundaries, an IV-FPR matrix R̃ = [lij , uij ] is constructed, where each
entry represents a fuzzy preference interval within the unit domain [0, 1]. Unlike
standard fuzzy sets, this interval-valued representation preserves the “hesitation”



interval of the decision-maker, ensuring that the additive reciprocal property
(lij + uji = 1 and uij + lji = 1) is maintained, thereby respecting the objective
boundaries of the data before any subjective membership is assigned.

A pivotal contribution of this research is the systematic transformation of the
RAFAR-generated IV-FPR into an Interval-Valued Pairwise Comparison Matrix
(IV-PCM). This transformation is essential for bridging the gap between fuzzy
preference logic and the multiplicative ratio scale ([1/N,N ]) required for Saaty’s
eigenvector method, where N > 0 is a predefined constant. By employing the
transformation function aij = N (2rij−1), the interval-valued fuzzy preferences
are mapped into ratio intervals that function as the support for Triangular Fuzzy
Numbers (TFNs). This mapping ensures that the framework remains a consistent
extension of the original AHP; when the interval width collapses to zero, the
model reverts precisely to the classical AHP.

The core focus of this paper lies in the development of advanced computa-
tional techniques for determining the fuzzy principal eigenvalue and eigenvector
via the α-cut decomposition method. This technique bypasses the algebraic lim-
itations of fuzzy arithmetic where traditional matrix multiplication can lead to
over-increased uncertainty by "slicing" the fuzzy IV-PCM into a series of nested
interval matrices Aα for confidence levels α ∈ [0, 1]. For each discrete α-level, we
solve the interval eigenvalue problem (Aα − λI)x = 0. Given that the eigenval-
ues of an interval matrix form a bounded set, we employ an optimized Vertex
Method and interval arithmetic to identify the extreme boundaries [λLα, λ

R
α ]. This

iterative process across the α-spectrum allows for the reconstruction of a fuzzy
weight vector W̃ with significantly reduced computational overhead compared
to traditional fuzzy simulation methods.

The resulting fuzzy weights provide a “sensitivity profile” for each attribute:
a narrow membership function indicates high stability and consensus, whereas
a broader function highlights attributes whose ranking is susceptible to shifts in
data uncertainty or expert disagreement. To facilitate a final, actionable deci-
sion hierarchy, the fuzzy weight distributions are defuzzified using the Centroid
(Center of Area) method. This process calculates the crisp center of gravity for
each attribute’s weight distribution, allowing for a linear ordering of priorities.

The primary advantage of this integrated RAFAR-AHP approach is its re-
silience; by grounding the initial intervals in rough set approximations and utiliz-
ing high-efficiency eigenvector computation, the model avoids the arbitrary na-
ture of subjective fuzzy membership assignments. Furthermore, the use of eigen-
vector analysis ensures that global consistency is evaluated, providing a safe-
guard against contradictory judgments. Preliminary simulations indicate that
this generalization offers significantly higher stability in attribute ranking for
high-dimensional datasets compared to traditional fuzzy AHP variants.

Ultimately, this framework provides a comprehensive mathematical bridge
between raw data "roughness," subjective "fuzziness," and the structural rigor
of hierarchical linear algebra, presenting a superior foundation for prioritization
in high-stakes, uncertain decision environments.



To evaluate the proposed framework, experiments were conducted on several
benchmark datasets from the UCI repository [5]. The performance was measured
by comparing the classification accuracy of the top-ranked attributes against
standard feature selection methods and traditional fuzzy AHP. Results indicate
that our method, which utilizes the structural stability of Rough Set Approxima-
tions to constrain the fuzzy eigenvector search space, achieves a higher Spearman
correlation coefficient across different noise levels. Furthermore, the optimized
α-cut computation demonstrated a significant reduction in execution time com-
pared to simulation-based approaches, confirming that the structural logic of
RAFAR enhances both the precision and the efficiency of the ranking process.
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Fuzzy-rough rule-based classification systems have proven to be effective tools
for handling uncertainty, vagueness, and inconsistency in data. A key component
of these systems, in the inference process, is the aggregation mechanism used
to combine the matching degrees from multiple fired rules for different classes.
Most commonly used approaches rely on averaging aggregation operators like
the maximum operator, also known as the winning rule method. This may lead
to ignoring the information contained in the degree values provided by the other
fired rules. In this paper, an enhanced fuzzy-rough rule-based classification sys-
tem based on a non-averaging generalization of the Choquet-like copula-based
integral is presented. The proposed approach replaces the classical averaging-
based aggregation operators with a non-averaging integral that provides com-
petitive results (even better). In order to prove the aforementioned hypothesis,
the proposed approach is evaluated on eighteen benchmark datasets and com-
pared with classical fuzzy-rough rule-based classification systems. These results
demonstrate that non-averaging Choquet-like copula-based integrals constitute
a promising direction for improving the performance of fuzzy-rough rule-based
classification systems.

Keywords: fuzzy-rough rule-based · classification systems · non-averaging Choquet-
like copula-based integrals.
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We propose a rough set model based on neighbourhood systems to handle
multi-source information. To reason about the proposed strong and weak ap-
proximation operators, we introduce a modal logic tailored to this framework.
Sound and complete deductive systems are then established for these operators
relative to various classes of multi-source neighbourhood models, providing a
formal foundation for reasoning about multi-source approximations.
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Abstract. This paper extends the arithmetic of linearly correlated fuzzy
numbers by introducing unified definitions of multiplication and division
under a single driver. Building on existing quotient-based and extension
principle approaches, we analyze these operations in both symmetric and
non-symmetric cases and identify when the algebraic structure remains
consistent.

Keywords: Interactive Operations · Linearly Correlated Fuzzy Num-
bers.

1 Introduction

While traditional fuzzy arithmetic based on Zadeh’s extension principle assumes
non-interactivity, approaches based on the generalized extension principle [2]
have introduced operations for interactive fuzzy numbers to better reflect real-
world dependencies. A particularly important case of interactivity is linear in-
teractivity, also known as linear (complete) correlation [4]. The authors in [3]
constructed an operator using the coefficients of the completely correlated fuzzy
number. While this space was linear and easily mapped from Euclidean space for
non-symmetric fuzzy numbers, this relationship breaks down in the symmetric
case. To resolve this, the author in [5] introduced an equivalence relationship
and a quotient set to ensure consistent operations regardless of symmetry. In [1],
the authors developed a division framework for interactive fuzzy numbers under
complete correlation, extending the generalized extension principle beyond the
independence assumption. We extend the arithmetic of linearly correlated (LC)
fuzzy numbers by formally defining multiplication and division and analyzing
their properties in both symmetric and non-symmetric settings. Our analysis
explores if the algebraic structure remains consistent and provides a framework
for practical computation with fully correlated fuzzy data.

2 Preliminaries and Notation

A fuzzy number A is a normal, upper semicontinuous, convex fuzzy set on R
with compact α-cuts [A]α = [A1(α), A2(α)], α ∈ [0, 1]. It is symmetric about x∗
if A1(α) +A2(α) = 2x∗,∀α ∈ [0, 1]. We denote the set of fuzzy numbers by RF .



Definition 1 (LC representation). Let A ∈ RF . Define a linearly (com-
pletely) correlated operator

A(q, r) = qA+ r, (1)

which associates each tuple (q, r) ∈ R2 with the fuzzy number A(q, r) ∈ RF . The
fixed A is called a driver, and the image of the operator denoted by RF(A) =
{A(q, r)|(q, r) ∈ R2} is the set of linearly correlated fuzzy numbers w.r.t. to A.

If A is non-symmetric, A : R2 → RF(A) is bijective. If A is symmetric,
canonical representatives ensure well-defined algebraic operations [5].

Definition 2 (LC operator). Let f : Rk → R be continuous and for all i ∈
{1, . . . , k}, Bi = A(qi, ri), following (1), w.r.t. the fixed driver A. Define

fA(B1, . . . , Bk)(z) = sup
z=f(q1u+r1,...,qku+rk)

A(u) , u ∈ R ,

as a fuzzy set with α-cuts for α ∈ [0, 1] given by

[fA(B1, . . . , Bk)]α =

[
min
u∈[A]α

f(·), max
u∈[A]α

f(·)
]
.

2.1 LC-Multiplication and LC-division

In the LC setting, each operand is represented as B = A(qB , rB) = qBA + rB
and C = A(qC , rC) = qCA+ rC , where A is the latent driver.

LC-Multiplication. The product D = B�AC is obtained by pushing A through
the following scalar function:

h(u) = (qBu+ rB)(qCu+ rC) = au2 + bu+ c , u ∈ R

where
a = qBqC , b = qBrC + qCrB , c = rBrC .

Let [A1(α), A2(α)], α ∈ [0, 1], be the α-cut of A. Then, by Definition 2, we have

[D]α =

[
min

u∈[A1(α),A2(α)]
h(u), max

u∈[A1(α),A2(α)]
h(u)

]
.

The extremum of h occurs in u0 = − b
2a when a 6= 0. The cases are:

– Affine case (a = 0):

[D]α =
[
min{h(A1(α)), h(A2(α))}, max{h(A1(α)), h(A2(α))}

]
.

– Convex case (a > 0):

d(α) =

{
h(u0), u0 ∈ [A1(α), A2(α)],

min{h(A1(α)), h(A2(α))}, otherwise.

d(α) = max{h(A1(α)), h(A2(α))}.



– Concave case (a < 0):

d(α) = min{h(A1(α)), h(A2(α))},

d(α) =

{
h(u0), u0 ∈ [A1(α), A2(α)],

max{h(A1(α)), h(A2(α))}, otherwise.

Note that B �A C is generally not of the form q∗A + r∗ unless qBqC = 0, i.e.
unless one operand is independent of the driver.

LC-Division The division B(÷)AC along the driver A is defined by the following
function:

g(u) =
qBu+ rB
qCu+ rC

, whenever qCu+ rC 6= 0 , u ∈ R.

The corresponding α-cut for α ∈ [0, 1] is

[B(÷)AC]α =

[
min

u∈[A1(α),A2(α)]
g(u), max

u∈[A1(α),A2(α)]
g(u)

]
.

Since g is a rational function, its behavior is governed by the sign and zero-
crossings of the denominator and by the monotonicity implied by g′(u). We now
analyze all possible cases.

Derivative and monotonicity. The derivative of g is

g′(u) =
qBrC − qCrB
(qCu+ rC)2

.

The denominator is always positive on any subinterval where qCu + rC 6= 0.
Thus the sign of g′(u) is completely determined by

∆ = qBrC − qCrB .

– If ∆ > 0, then g is strictly increasing on any interval that does not cross a
zero of qCu+ rC .

– If ∆ < 0, then g is strictly decreasing on such intervals.
– If ∆ = 0, then g′(u) = 0 and g is constant:

g(u) =
qB
qC

or g(u) =
rB
rC

(depending on qC).

Therefore, on any subinterval where the denominator does not change sign,
all extrema occur at the endpoints A1(α) and A2(α).

Case 1: Denominator nonzero on [A]α. If qCu+ rC 6= 0 on [A1(α), A2(α)], then
g(u) is monotone. Thus

[B(÷)AC]α =
[
min{g(A1(α)), g(A2(α))}, max{g(A1(α)), g(A2(α))}

]
.



Case 2: Denominator changes sign. If qCu+ rC = 0 for some u∗ ∈ [A]α, then g
has a vertical asymptote. If B(u∗) 6= 0, the α-cut is unbounded:

[B(÷)AC]α = (−∞,+∞).

Case 3: Denominator crisp (qC = 0). Then C(u) = rC 6= 0 and

(B(÷)AC)(u) =
qBu+ rB

rC
=

(
qB
rC

)
u+

rB
rC
,

Case 4: Numerator crisp (qB = 0). Then g(u) = rB
qCu+rC

, a hyperbola unless
qC = 0. The extrema are at the end points unless the denominator vanishes
(Case 2).

Case 5: Constant quotient (∆ = 0). If qBrC − qCrB = 0, then g′(u) = 0 and g
is constant:

[B(÷)AC]α = {g(u)}.

3 Concluding remarks

In this contribution, we define LC-multiplication/division by means of scalar
functions and analyze the possible cases. We present this work in progress as a
foundation for an interactive fuzzy time series analysis in the future.
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Rough set theory has been extensively generalized to handle numerical and
incomplete data, often replacing equivalence relations with more flexible struc-
tures such as coverings or neighborhood systems. However, these generalizations
typically sacrifice key theoretical properties of the classical Pawlak model. In this
paper, we address this limitation by proposing a novel approach that preserves
the classical rough set framework while extending its applicability to numerical
datasets. Specifically, we introduce two new equivalence relations derived from
the Mapper algorithm in topological data analysis: one based on connected com-
ponents of the Mapper graph and another, a partition induced by the Mapper
covering. We conduct an experimental analysis to evaluate how Mapper pa-
rameters influence classification quality and partition granularity, framing the
problem as a bi-objective optimization task. Using Pareto optimality and the
TOPSIS method, we identify parameter configurations that balance these com-
peting objectives. Our results show that the proposed approach enables the
construction of multiple valid equivalence relations while preserving desirable
theoretical properties.

Keywords: rough sets · topological data analysis · Mapper algorithm · Topsis.
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Data summaries play an important role in big data analytics. In our studies,
we used them, for example, for the database query acceleration [6] and machine
learning on compressed data [1]. Their applications to database query optimiza-
tion are actually much wider [3]. Moreover, they can be used for feature selection
[2], data schema matching [5], accelerated data clustering [4], and so on. When
it comes to the types of data summaries, they can be based on single- or multi-
dimensional histograms or, as it was investigated in one of QED Software’s R&D
projects4, on Gaussian Mixture Models. Certainly, the other forms of data sum-
maries can be considered too.

We discuss one more possible area of utilization of data summaries, which
refers to the emerging solutions combining the paradigm of Conversational AI5
(based on Large Language Models) with Business Intelligence. The main goal of
such solutions, like the one developed by QEDEX6 is to automatically transform
analytical questions expressed by the users in natural language into software code
(e.g., in Python or SQL) executed against the available data sources. Usually,
transformations are based on metadata describing such sources, with an empha-
sis on the semantic meaning of particular data attributes. However, the question
arises whether the aforementioned data summaries can bring additional value to
the quality of the considered transformations.

To some extent, our question goes back to the aforementioned task of database
query optimization. Therein, however, data summaries have been used to en-
hance the execution of the already-formed SQL queries. On the other hand, as
we commented above, there is a preceding phase of generating SQL queries (or,
e.g., Python code) based on natural language. Therefore, the question herein is
whether data summaries can also be useful during this preceding phase as an
enrichment of semantic metadata. This question can actually be extended to
later phases as well, i.e., interpreting query results and presenting them back to
the users in textual and/or visual forms.
? Co-funded by Smart Growth Operational Programme financed by European Re-
gional Development Fund, in frame of project POIR.01.01.01-00-0570/19 operated
by National Centre for Research and Development in Poland.

4 https://www.qedsoftware.com/article/small-big-data/
5 https://www.gartner.com/en/documents/6835734
6 https://qedex.ai/
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In the paper, we propose a formal framework to solve the problem of auto-
matic transformation of unstructured data (for example, included in real-estate
listings) into data arranged in a tabular form, as the so-called information ta-
bles or information systems. Such transformation is an important pre-processing
stage enabling us to obtain data in a form accepted by various machine learn-
ing algorithms, e.g., clustering or classification. In the proposed framework, the
transformation process is aided by domain-specific knowledge represented by
ontologies, in particular, ontological graphs. The approach presented in the pa-
per can be classified as knowledge generalization and knowledge augmentation,
improving the reasoning capabilities of artificial intelligence systems.

Keywords: Information systems · Ontological graphs · Data pre-processing ·
Unstructured data · Knowledge augmentation.
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The Fuzzy Rough Nearest Neighbor (FRNN) algorithm, designed for binary
classification, integrates fuzzy and rough set theory to handle data imprecision
and uncertainty. By incorporating the Ordered Weighted Averaging (OWA) op-
erator, FRNN-OWA improves robustness, especially for imbalanced data. This
paper proposes a method to accelerate FRNN-OWA and extend it to multi-class
classification using a hierarchical navigable small world (HNSW) structure for
each class and a one-vs-all strategy. A pre-filtering algorithm is introduced to
enhance lower approximation efficiency. Experiments on various datasets show
that our method achieves higher accuracy and significantly faster construction
and query times compared to traditional FRNN-OWA, especially for large-scale
datasets.

Keywords: Multiclass classification · fuzzy rough set · k-nearest neighbor ·
scalability.
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This paper proposes a novel probabilistic model combined with a three-way
decision (3WD) framework to quantify and classify the correlation between par-
tially known concepts represented by interval sets. We interpret the instantiation
of an interval set as a random process: elements in the lower bound are deter-
ministic, while elements in the boundary region appear independently. Based
on this, we derive a closed-form probability formula for the non-empty intersec-
tion of two random concept instances. Furthermore, to transform this continu-
ous probability into actionable retrieval decisions, we employ the 3WD theory
to categorize results into positive (match), boundary (partial match), and neg-
ative (mismatch) regions. Experimental results on a small-scale Flickr8k case
study show that the proposed approach outperforms traditional crisp set metrics
such as Jaccard similarity and can further identify semantically related images
through the boundary region with statistically derived thresholds. These results
serve as a proof-of-concept for the practical usefulness of the proposed measure,
while large-scale benchmark validation is left for future work.

Keywords: Interval sets · Probabilistic matching · Three-way decision · Image
retrieval
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Anomaly detection is a critical task in unsupervised learning. In information
systems without decision attributes, heterogeneous attributes often induce com-
plex fuzzy similarity relations and uncertain neighborhood granular structures,
making anomaly modeling difficult. Existing methods usually rely on single at-
tributes or fixed attribute sets and therefore cannot effectively capture the vari-
ation of granular structures along attribute subset sequences. To address this
issue, this paper proposes MASFE, a multi-granularity unsupervised anomaly
detection method via fuzzy entropy-driven attribute subset sequences. Specifi-
cally, a hybrid distance measure is used to construct fuzzy similarity relations for
heterogeneous data, and fuzzy entropy is introduced to quantify the uncertainty
of attribute-induced granular structures, enabling progressive anomaly model-
ing over ordered attribute subsets. Anomaly evidence from different attribute
subsets is then aggregated to obtain the final anomaly score of each sample. Ex-
perimental results on multiple benchmark datasets demonstrate that MASFE
achieves competitive performance compared with representative unsupervised
anomaly detection methods.

Keywords: Unsupervised anomaly detection · Granular computing · Multi-
granularity · Fuzzy entropy · Attribute subset sequences.
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The validity of traditional multi-criteria decision systems is often compro-
mised in the representation of conflicting evidence or biased evidence available at
multiple levels of granular information because the nature of real-world decision-
making is constantly tested by uncertainty, incomplete information, and con-
stantly changing information. To overcome these issues, this paper presents a
novel framework that integrates multi-granulation rough set theory with bipolar
Pythagorean fuzzy sets. Fundamentally, a pessimistic multi-granulation bipo-
lar Pythagorean fuzzy set (PMBPFS) model is put forth, which has special
advantages: it can simultaneously represent opposing and supporting evidence,
manage incomplete and contradictory information, improve decision reliability
and accuracy, and provide decision-makers with clear and helpful guidance. Two
decision-making algorithms are created to facilitate proficient knowledge blend-
ing and inference over various granular scales. The efficacy of the framework
in practice is illustrated with the help of a medical diagnosis case study, and
the experimental findings prove that PMBPFS has consistent, reliable, and ef-
fective decision-making, which is better than current methods in the complex
multi-criteria fuzzy ordered information systems.

Keywords: Soft relations · Pessimistic multi-granulation roughness · Bipolar
Pythagorean fuzzy set · Medical diagnosis.
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To address the performance degradation of traditional clustering methods in
high-dimensional spaces caused by metric degeneration and data sparsity, this
paper proposes a general granular-ball embedding (GGBE) framework to en-
hance clustering representation in low-dimensional spaces. GGBE first constructs
a low-dimensional subspace through theoretically guaranteed random projection,
preliminarily removing redundant features. Then, in the low-dimensional sub-
space, a density-based granular-ball adaptive partition mechanism is introduced.
As fundamental structural components, granular-balls effectively model local
structures and assign feature weights to accentuate discriminative attributes,
while suppressing the adverse effects of global parameter interference. Further-
more, GGBE generates pseudo-labels based on granular-ball partitions to guide
the learning of discriminative embedded representations, thereby enhancing inter-
class separability in the low-dimensional space. The resulting embeddings pos-
sess good generalizability and can be seamlessly integrated into existing classical
clustering algorithms. Taking KMeans, hierarchical clustering, and spectral clus-
tering as examples, this paper conducts comparative experiments with various
advanced baseline methods on multiple representative high-dimensional datasets,
and the results demonstrate that GGBE exhibits significant advantages in clus-
tering performance.
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